STATISTICS FOR ORDINARY ARTIN-SCHREIER COVERS AND OTHER p-RANK
STRATA
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ABSTRACT. We study the distribution of the number of points and of the zeroes of the zeta function in
different p-strata of Artin-Schreier covers over Fy when g is fixed and the genus goes to infinity. The p-strata
considered include the ordinary family, the whole family and the family of curves with p-rank equal to p— 1.
While the zeta zeroes always approach the standard Gaussian distribution, the number of points over Fy
has a distribution that varies with the specific family.
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1. INTRODUCTION

Besides their central place in number theory, algebraic curves over finite fields also play a pivotal role in
applications via such fields as cryptography and error-correcting codes. In both theory and applications, a
key property of an algebraic curve over a finite field is its zeta function, which determines and is determined
by the number of points on the curve over the finite extensions of the base field. These zeta functions exhibit
a strong analogy with other zeta functions occurring in number theory, such as the Riemann zeta function,
with the added benefit that the analogue of the Riemann hypothesis is known by results of Weil.

In addition to studying curves individually, it is also profitable to study curves in families and ask aggregate
questions over families. Historically, this generally involved varying the finite field, as in the work of Deligne.
More recently, a series of results have emerged in which the finite field is fixed and other geometric parameters
are allowed to vary. Examples include the work Kurlberg and Rudnick [KR09] that studies the distribution of
the number of points on hyperelliptic curves as the genus grows. Similar statistics for the number of points
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have been computed for cyclic ¢-covers of the projective line [BDFL10b, BDFL11, Xiol0a], plane curves
[BDFL10a], complete intersections in projective spaces [BK], general trigonal curves [Wool2], superelliptic
curves [CWZ], curves on Hirzebruch surfaces [EW], and a subfamily of Artin-Schreier covers [Ent12].

A finer statistic for these curves is the distribution of the zeroes of the zeta function. (Note that the
distribution of the points can be easily deduced from the distribution of the zeroes.) The problem of the
distribution of the zeroes in the global and mesoscopic regimes was considered by Faifman and Rudnick
[FR10] for hyperelliptic curves while [Xiol0b], [Xio], and [BDFLS] treat the cases of cyclic ¢-covers, abelian
covers of algebraic curves, and Artin-Schreier covers respectively. On the other hand, Entin [Ent12] uses the
distributions of the number of points of a subfamily of Artin-Schreier covers to obtain some partial results
towards the pair correlation problem for the zeroes.

Artin-Schreier curves represent a special family because they cannot be uniformly obtained by base-
changing a scheme defined over Z. This is intimately related to the fact that their zeta function has an
expression in terms of additive characters of IF,, and not in terms of multiplicative characters as is the case
for the family of hyperelliptic curves and cyclic f-covers. On the other hand, the factor corresponding to
a fixed additive character has a nice description as an exponential sum (3), which allows one to do a fair
number of concrete computations. For instance, they can sometimes be used to show that the Weil bound
on the number of points is sharp (especially in the supersingular case [Gar05, GV92]).

The p-rank induces a stratification on the moduli space of Artin-Schreier covers of genus g. We would
like to remark that this stratification is not specific to the Artin-Schreier covers. Perhaps the best known
example is the case of elliptic curves. The moduli space of elliptic curves only has two p-strata — p-rank
0 (ordinary) and p-rank 1 (supersingular) — and these two classes of elliptic curves behave fundamentally
differently in many aspects. The ordinary stratum is Zariski dense in the moduli space, but there are only
finitely many supersingular F,-points in the moduli space of elliptic curves.

In the case of the Artin-Schreier covers, the picture is more complicated, as there are many intermediate
strata besides the p-rank 0 and the maximal p-rank stratum. But it is still the case that the p-rank 0
stratum is the smallest stratum in the moduli space ASy of Artin-Schreier covers of genus g. However, the
supersingular locus is strictly contained in this stratum and it is not easy to locate the supersingular covers
among those with p-rank 0. (See [Zhu].) On the other hand, the maximal p-rank stratum has the highest
dimension. Whenever the ordinary locus is nonempty (i.e. there are covers with p-rank equal to the genus),
the ordinary locus is irreducible. As it is noted in [PZ11, Example 2.9], in the case of p > 3 that we are
interested in, the ordinary locus is nonempty whenever 2g/(p — 1) is even. Otherwise, we can still talk about
the stratum of maximal p-rank, but it will not be irreducible; the maximal rank will be strictly smaller than
the genus (namely equal to g — ”2;1)7 and there is no ordinary locus.

Fix a finite field IF; of odd characteristic p. An Artin-Schreier cover is an Artin-Schreier curve for which we
fix an automorphism of order p and an isomorphism between the quotient and P*. Concretely, an F,-point
of the moduli space of Artin-Schreier covers of genus g consists, up to Fg-isomorphism, of a curve of genus
g with affine model

Cy:yP —y = f(x),

where f(x) € Fy(x) is a rational function, together with the automorphism y — y + 1.
Let p1,...,pr41 be the set of poles of f(z) and let d; be the order of the pole p;. Then the genus of Cf
is given by

p—l r+1 p—l r+1
(1) 9(Cp) == (24 2@+ | =P [ r=14 >4,
j=1 j=1

(See [PZ11, Lemma 2.6].) The p-rank is the integer s such that the cardinality of Jac(C})[p|(F,) is p*; by
the Deuring-Shafarevich formula, we have s = r(p — 1) for some integer r > 0. We will write AS , for
the stratum with p-rank equal to s of the moduli space ASy. For example, s = 0 corresponds to one pole,
which can always be moved to infinity. This corresponds to the case in which f(z) is a polynomial that
was considered in [Ent12, BDFLS]. However, this case only corresponds to a piece, namely ASg o, of the
whole moduli space AS, of Artin-Schreier covers of genus g. The next case is s = p — 1, corresponding to
two poles, which can always be moved to zero and infinity. Thus, this involves the case in which f(z) is a
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Laurent polynomial and its corresponding piece in the moduli space is ASg,—1. For details on the moduli
space of Artin-Schreier curves and the p-rank stratification, we refer the reader to [PZ11].

The main object of this paper is the study of the distribution of the number of points and zeta zeroes
for the ordinary locus ASg ; which only appears when 2g/(p — 1) is even. In addition, we treat the cases
of AS4,—1 of covers with p-rank equal to p — 1 and the whole family ASy. More precisely, we have the
following results.

Theorem 1.1. (1) Assume that 2g/(p — 1) is even. The average number of F x-points on an ordinary
Artin-Schreier cover in ASg 4(F,) is
¢k + 1+ 0 (¢\—1/2+o 140/ (r-1)+2k) ik,
- —1 u e e
q +1+1+q712+21+q——2uz/‘ 0 (AT
\k elu

(2) The average number of F x-points on an Artin-Schreier cover in AS4(F,) whose ramification divisor
1s supported at r + 1 points and has degree d is

g + 14 O (gle=1d+2k) ptk,

1+ -1+ 2L - -1

E

Z“ u/e+0( sl)d+2k) k.

elu

1+q

(3) The average number of Fx-points on an Artin-Schreier cover in ASgy,—1(Fq) is

¢ +1 ik,

¢ +1+ -1 -1) plk
By Weil’s conjectures, the zeta function of Cy,
Zo,(u) =exp | Y NK(Cr)7 ]
k=1

where Nj(Cy) is the number of points on Cy defined over F x, can be written as

Pcf(u)
(1 —u)(1 = qu)’

where Pc,(u) is a polynomial of degree 2g = (p —1)(A — 1) with A = (r + ETH ) Using Lemma 2.1
and the additive characters of F,, to write a formula for Ny (Cy), it follows easily that

(2) Po, (u HLuﬁ

ZCf( )

where the product is taken over the non-trivial additive characters ¢ of F,,, and L(u, f,1) are certain
L-functions (given later by (3)). Understanding the distribution of the zeroes of Z¢, (u) amounts to under-
standing the distribution of the zeroes of each of the L(u, f,1) as f runs in the relevant family of rational
functions and the genus goes to infinity.

If we write

u f w H 1 - aj fa )7
=1
we have that a;(f,v) = \/ge* % (%) and 6;(f,¢) € [-1/2,1/2). We study the statistics of the set of angles
{0;(f,v¥)} as f varies in the family. For an interval Z C [—1/2,1/2), let

Nz(f,¢) =#{1 <j<A—1:0;(f,v) €I},
3



and

p—1
Nz(Cp) =Y Nz(f, ).
j=1
We show that the number of zeroes with angle in a prescribed non-trivial subinterval Z is asymptotic to
2g|Z|, has variance asymptotic to % log(g|Z|), and properly normalized has a Gaussian distribution.

Theorem 1.2. Fiz a finite field F, of characteristic p. Let AS denote the family of Artin-Schreier covers,
ordinary Artin-Schreier covers, or the p-rank p — 1 Artin-Schreier covers. Then for any real numbers a < b
and 0 < |Z| < 1 either fized or |Z| — 0 while g|Z| — oo,

Nz(Cp) —29l7] _ ) _ 1 /
222D 1og ([]) Ve Ja

b
lim PrObAS(]Fq) a < 6712/2d1‘.
g—o00

This result is analogous to what was obtained in [BDFLS] for p-rank 0 Artin-Schreier covers and is
compatible with the philosophy of Katz and Sarnak [KS99]. In fact, Katz [Kat87] shows that the monodromy
of the L-functions defined in (3) is given by SL (2g/(p — 1)) when the dimension of the moduli space is big
enough. Since the dimension grows with the genus, this occurs when g is big enough. In particular, [DS94]
implies that the limiting distribution as g — oo is Gaussian.

2. BASIC ARTIN-SCHREIER THEORY

Fix an odd prime p and let F, be a finite field of characteristic p with ¢ elements. We consider, up to
F,-isomorphism, pairs of curves with affine model

Cy:yP —y = flx)

with f(z) a rational function together with the automorphism y — y + 1.
For each integer n > 1, denote by try, : Fgn — [F,, the absolute trace map (not the trace to Fy).

Lemma 2.1. For each o € P(F,n), the points in the fiber above a on the curve Cy : y? —y = f(x) are
defined over Fgn and the number of such points is

1 if fla) =00
p if f(a) € Fgn with tr, f(o) =0,

0 if f(a) € Fyn with tr, f(a) #0.
Proof. This is a simple application of Hilbert’s Theorem 90. ]

Let ¢y, K =0,...,p — 1 be the additive characters of F, given by
Yr(a) = e?mikalr L =0,...,p—1.
For each rational function f € F,(X) and non-trivial character ¢, we also define

Su(f) =Y ltra(f(2))).

ze[Pl(TF‘qn)
f(x)#oo

Then, using the fact that for any a € ),
a=0,
Z Yila {0 a0,

it is easy to check that
Po,(

() =[] Lu, f,4)

Y#po
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where
3) L(u, f,v) = exp (Z Sulf, w)f) -

Let S = F,[X, Z] be the homogeneous coordinate ring of P! and denote S; the F,-subspace of S of
homogeneous polynomials of degree d. Notice that S; contains the 0 polynomial and its size is exactly ¢%+1.
Since Artin-Schreier covers can be embedded in P! x P!, we can think of Cy as the cover given by

9(X, 2)
WX, Z)

Cg,h:ypfy:

where the fraction on the right hand side is obtained by homogenizing f(z) in the usual way.

Given f € Sy, we will denote by f*(X) € F,[X] the non-homogeneous polynomial resulting from f(X, Z)
by setting Z = 1. We observe that f* is polynomial of degree at most d. Similarly, let f.(Z) € F,[Z] be the
non-homogeneous polynomial resulting from f(X, Z) by setting X = 1.

Given o = [ax : az] € PY(Fi) and h € Sy the value of h(a) can be zero or nonzero but if it is
nonzero, it is not well defined. When we want to discuss an actual nonzero value we will be talking about
h*(a) := h(ax/az,1) which is defined for o # [1 : 0] = oo and h.(«) := h(1,az/ax) which is defined for
a#[0:1]=0.

We recall that the rational function { can be evaluated in [ax : az] aslongas g,h € Sqand (g(ax,az), h(ax,az)) #
(0,0).

We now proceed to explicitly describe the families to be considered. The ordinary case occurs when the
p-rank is maximal, in other words, when r is maximal. For a given genus g, this happens when d; = 1 in
formula (1) and 2g = (p — 1)2r. (Notice once again that this imposes a restriction on the possible values for
the genus, as 2g/(p — 1) must be even.) Thus, f(z) is a rational function with exactly r 4+ 1 simple poles.
This corresponds to the fact that g(X,Z) and h(X, Z) are both homogeneous polynomials of degree r + 1
with no common factors and h(X, Z) is square-free.

We let

Fa ={(9(X,2),M(X, Z)) : 9(X, Z), h(X, Z) € Sa, h square-free, (g,h) = 1},

with the understanding that d = r + 1.

As (g, h) range over F$'9, the cover C, , ranges over each F,-point of AS, 4 exactly ¢ — 1 times. Thus,
our problem becomes the study of statistics for Cy , as (g, h) varies over F5' and d tends to infinity.

We will work with the full family of covers in ASy as well. In this case we do not have the restriction of
simple poles but we still require g(X, Z) and h(X, Z) not to have common factors.

Fi' = {(9(X. 2), WX, 2)) : (X, 7). W(X, 7) € Say (9, 1) = 1}

We will then study the statistics as d goes to infinity which is the same as g going to infinity provided that
the number of poles r + 1 remains bounded.

Finally, we will consider another family given as follows. We say that h has factorization type v =

di1 di,eq dm .1 Adm. e\ +
(rit oy ) i

_ pdina diey dm,1 dm e
h=Plt Pl Pt Pt

m,1 Ml

where the P; ; are distinct irreducible polynomials of degree r; and r; # r; if ¢ # j. Thus the degree of h is

. £
given by d = Z?ll T Zj:l di;-
Let

F]={(9(X,Z2),MX,2)): 9(X,Z),h(X,Z) € Sq, (g, h) = 1, h has factorization type v}.

In this case, formula (1) implies 2g = (p — 1) (d — 2+ >, ¢;r;). Here Y. | {;r; represents the number of
poles and the p-rank is given by (p — 1) (3_1", ¢;r; — 1). We will assume the parameters m, r;’s and ¢;’s to
be fixed. This implies that the covers considered are all in the same p-rank. However, in general, the set of
the covers considered does not constitute the whole p-rank stratum. We will study the statistics as d goes
to infinity which is the same as g going to infinity with a bound on the number of poles.
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This family includes some important particular cases. Suppose that v = (1¢). This corresponds to the
case of only one pole of multiplicity d. This pole can always be moved to infinity (i.e., h(X, Z) = Z¢). After
dehomogenizing with Z = 1, this gives the family of p-rank 0 covers AS o:

Fi0 = {g(x) : deg(g) = d}.
The statistics for this family were studied in [Ent12, BDFLS].

Another interesting case is with v = (191,192). In this case we have two poles that can always be moved
to zero and infinity (i.e., h(X,Z) = X% Z9). After dehomogenizing with Z = 1, this gives the family of
p-rank p — 1 covers AS, ,—1 indexed by Laurent polynomials with bidegree (dz, d):

rank p—1
Farvds " =A{g(x)/x™ : deg(g) = da}.
The statistics for this family is very similar to the statistics for AS, .

We will need to compute the number of elements in a family that satisfy certain values at certain points.
The following notation will be useful.

Definition 2.2. Let aq,...,0m,B81,...,8, € P! (Fyx). Let Fq be any of the families under consideration.
We define

Falor, ..y an, Bry. ., Bn) = {(9,h) € Fa: (Bixh — Bizg)(a;) =0,1 <i<n}.
We remark that when 8 # oo we identify § = [Bx : Sz] with g—’z‘ € Fx thus

(Bxh — Bzg)(a) = 0 = ,’;EZ; 5.

A particularly useful case is F4(c, 8). We remark that this value does not depend on the value of 3, provided
that 8 # oo, as we prove below.

Lemma 2.3. Fiz a € ]P’l(IFqk) of degree uw over Fy. Let B € Fgqu. Let Fq be any of the families under
consideration. Then
[Fa(e, B)| = | Fala, 0)].

Proof. Recall that
Fa(a, B) = {(g,h) € Fa: Bxh(a) — Bzg(a) = 0}.

Now let ¢ = Bxh — Bzg. Since Bz # 0 we have that (g,h) = 1 is equivalent to (¢’,h) = 1. Then
(g9,h) € Fa(a, B) if and only if (¢', h) € Fa(a,0). O

3. THE ORDINARY CASE

In this section, we consider the family
Ford = {(g(X,2),MX, Z)) : 9(X, Z), (X, Z) € Sq, h square-free, (g, h) =1} .

3.1. Heuristics. We want to calculate, for given o = [ax : az],8 = [Bx : Bz] € P'(F,u) such that
deg a = u, the probability that
(4) (Bxh = Bzg)(ax,az) =0

as (g,h) € Fgrd.

Locally at « this means that we want to look at pairs (g*, h*) such that (m%)? { h* (where m}, € F,[X]
denotes the minimal polynomial of a over F,) and (g*(c), h*(a)) # (0,0) (mod (m?)?).

Therefore

(9*7 h*) = (71 + 51mou'72 + 52ma) (mOd (mZ)z)a

with v;,0; € F,[X], and if they are nonzero, deg~;,degd; < u. In addition, the conditions at « imply that
(71:72) # (0,0) and (72, d2) # (0,0).

For each v, # 0, there are ¢ choices for each of the other parameters, thus ¢>*(q* — 1) total possibilities.
If 5 = 0, then there are ¢* — 1 choices for each of v; and d3, and ¢* choices for d;, for a total of ¢%(q* —1)?
possibilities.

This yields a total of ¢“(q* — 1)(¢** + ¢* — 1) possibilities for (g* (mod (m})?),h* (mod (m})?)) .
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Now if 8 = [1 : 0] = o0, condition (4) reduces to h*(a) =0 <= ~3 = 0. This leaves ¢* — 1 choices for
y1 and §y respectively and ¢* choices for d;. Thus the probability that g/h € F$*¢ takes the value oo at a
given point « is

q"(¢" — 1)? _a"(=-q")
a“(q* = (@ +q—1) 14+qg*—qg>
In all other cases, including 8 = 0, we must have h*(a) # 0. So there are ¢" — 1 choices for 2. Once we

know 75, equation (4) fixes v1(a) (and therefore v1, since its degree is less than u), and we have ¢* choices
for each of 61,82. Thus the probability g/h € F3*¢ takes the value 8 # oo at a given point « is

*'(q" = 1) _ ¢
(¢ = D(¢®* +q*=1) L14qg™—q

Then, the heuristic confirms the result of Proposition 3.10, and the expected number of points of Theorem
1.1 for the family Fgrd.

3.2. The number of covers with local conditions. In this subsection, we are going to compute the
proportion of polynomials with certain fixed values. We will obtain the size of the family and the expected
number of points as corollaries.

Unless otherwise indicated, we fix ag,...,q, € IP’l(]Fqk) of degrees ui,...,u, over Fy and f3; € Fyu; for
1 <4 < n (i.e. none of the §;’s is 00). Also, f1, ..., 3¢ are not zero, and By41 = --- = 3, = 0. Finally, none
of the a; are conjugate to each other, i.e. all the minimal polynomials m,, are distinct.

We start by making the following observation.

Remark 3.1. If o = [a : 1] € F x has degree u over Fy, then the map Sg — Fgu,h — h*(a) is a linear
map of [Fg-vector spaces. The map is surjective as long as d > u, and in this case its kernel has dimension
d+1—u.If d < u the elements 1,,a?,...,a? are linearly independent over F,. Therefore the image has
dimension d + 1 and thus the kernel has dimension 0. In other words the map is injective and the preimage
of any element is either empty or a point.

If o = [1:0] = oo, then it has degree 1 over Fy and a condition fixing a value for h(a) can be rewritten
in terms of h,(1) such that it does become linear and the reasoning above applies.

Lemma 3.2. Fix aq,...,qy € ]Pl(]Fqk) of degrees u1,...,u, over F, such that none of the «; are conjugate
to each other, and B; € Fqu: for 1 <i < n such that B1,...,Be¢ are not zero, and Bey1 = -+ = B, = 0. Fiz
g € S84 such that g(e;) =0 for £4+1 <4 <n, and g(o;) #0 for 1 <i <{. Then we have

_3¢ p 4
gtz d> D i1 Uis

{h € Sa: (Bixh—Bizg) () =0,1 <i<n}|=
0orl otherwise.

If g(a;) # 0 for some £+ 1 <i<n, or g(a;) =0 for some 1 <i < ¥ then the above set is empty.

Proof. For ; # 0, the condition imposed over h is h(a;) = % while there is no condition imposed if

i

Bi; = 0. By the Chinese Remainder Theorem, imposing all the conditions together for ag, ..., o, is the same
as imposing a condition for A modulo the product m, - - - mq,. The result then follows from Remark 3.1. [J

Let D € S4. In all the following, the notation (D) means the ideal generated by the polynomial D.

Lemma 3.3. Fiz aq,...,q, € P! (Fyx) of degrees uy, ..., u, over Fq such that none of the a; are conjugate
to each other, and f3; € Fqu; for 1 < i < n such that p1,..., B¢ are not zero, and Bey1 = --- = B, = 0. Fiz
g € Sy such that g(a;) =0 for 0+ 1 <i<n, and g(a;) #0 for 1 <i < L. Then we have for any e >0

(673 . — w; — £
Hhesd:(h,g)zl, ZEQ;:ﬂi,lgzgnqud“ Ciciwi H (1= P+ 0 (¢°9).
' P)i(g)

If g(a;) £ 0 for some £+ 1 <i<n, or g(a;) =0 for some 1 < i <{ then the above set is empty.
7



Proof. Tf g(a;) # 0 for some £+ 1 < i < n, or g(a;) = 0 for some 1 < ¢ < £, then it is clear that the above
set is empty. We then suppose g(a;) =0 for £+ 1 <i <n, and g(o;) # 0 for 1 <i < 2.
By inclusion-exclusion and Lemma 3.2 we have

Hhesd:(h,g):L}gLEZi_;:ﬁi} = > wb) 3y 1
! (D)l(9) heSq

g(ag) _ o .
DIk, oty =6 1<

- S wDygttdeEb iy S o)

(D)[(9) (D)I(9)
deg D<d—%¢_, u; d—zle uy<deg D<d
d+1-S20 ug —deg D
gt N p(D)g AP > o(1)
(D)|(9) (D)I(9)

d—3¢_| up<deg D<d
5w - c
= ¢ T a- P+ 0 (¢°Y)
(P)I(9)

where p is the Mobius function.

|
Definition 3.4. Let g € Sy. Set
Ay =A{h € 8y : h square free and (h,g) = 1}.
Let oo, ... an, B, ..., Bn € PH(F ). We define
Ag(ala e aa’rwﬁh e aﬁn) = {h S Ag : (/B’L,Xh - 6i7zg)(ai) = Oa 1 S ) S n} .
Lemma 3.5. Fix aq,...,qy € IP’l(IFqk) of degrees uq,...,u, over Fy such that none of the a; are conjugate
to each other. Let B; € Fqu; for 1 < i < n such that p1,..., B¢ are not zero, and fpy1 =+ = B, = 0. Fiz
g € S84 such that g(c;) =0 for £+ 1<i<n and g(a;) #0 for 1 <i <{. Then
d+172€: U;
q =1 —1\—
A, Br . Ba)] = [T a+1P) 7 40 (g0r2+9)

7 ou,
G iz (T =a72%) 5y
If g(a;) #£ 0 for some £+ 1 <i<mn, or g(a;) =0 for some 1 < i < { then the above set is empty.

Proof. 1t is clear that A%(a1,...,an, B1,...,B,) is empty if the condition on the values g(«;) of the lemma

are not satisfied, and we then suppose that g(ay),...,g(ar) #0, and g(apy1) =+ = glay) = 0.
By inclusion-exclusion,
A9 _ ! . Cogla)
[Ag(ar, .. an, B, Ba)l = > D) [ € Suzdeg(p) ¢ (h1,9) =1, halon) D*(a;)B;

(D):(D,g)=1
deg(D)<d/2

g e IT a-1p) ZI p(D)|D| 7% + Z’ 0 (¢*)

(D):(D,g)=1 (D):(D,g)=1
(P)l(9) dea(D)2d/2 des D<d)2

!/
by Lemma 3.3, where we have written Z D) for the sum over polynomials D such that D(«;) # 0 for
1<i <l
But

> woppr= [ a-e= I a-ie,

(D):(D,g)=1 (P): Ptg (P):Ptgme, ...mq

P(a)#0,1<i<e £

where we made use of the fact that (g, mq,) = 1 since g(a;) # 0. This can be rewritten as

) 1
T RIS S /PR
%25 2y (gmey o) Ca(28) TTiza (L —a725%) (pyicy
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Therefore

’ 1
> uD)DI?= ; H (1= P37 +0 (¢ ?)

(D):(D,g)=1 Cq(2) Hi:1(1 q P)|(g)

deg(D)<d/2
and

gIt-Tiny v 1 (1/24¢)d
A9, ., By )| = : H (1+P|71)1 + 0 (q1/29).
Cq(2) Hi:l(l q (p)‘(g)
O
Proposition 3.6. Fiz aq,...,q, € Pl(Fqk) of degrees ui,...,u, over F, such that none of the a; are
conjugate to each other. Let 3; € Fgu; for 1 <i <n. Then
H(1)g** i v 3/24¢)d

‘Fordal?"'7a 7/81""75 = n +O(q(/+€))7

[ Fa( n n)l Cq(2)2 Hi:l(l g% — g 2ui)
where

1
H(1) = (1 + > .
1 (IPI+1)(|P]* = 1)
(P)
Proof. Denote by m,, the homogenized minimal polynomial of «; over F,. We have
|‘F((i)rd(a17' .. aanvﬂh' . 75n)| = Z ‘Ag(alw . '3an7ﬂ17' . ,5n)|
9gESa
Assume without loss of generality that (i,..., B¢ are not zero, and fy41 = -+- = B, = 0. By Lemma 3.5,
the above sum equals
qd—i-l—Zf:] w;
|]:3rd(041,...,04n,51,...,Bn)| = Z 1] 5 H (1+|P|_1)_1+O(q(1/2+6)d)
geSy Cq(2) H7:=1(1 q—2ui) (P)|(g)

g(a;)#0,1<i<t
g(a;)=0,£4+1<i<n

qd+1*2?:1 Ui

B 1y-1 (3/242)d
_ ] — > IT a+PH"+0(q :
C(2) Tz (1 = g72) €Sy (P)(g) ( )
g(0;)#0,1<i<e .
g(a)=0,0+4+1<i<n
Set
bg)= [[ a+I1PH)"
(P)l(9)
and ( )
b(g
= 2
(9)#0 g

Since b(g) is a multiplicative function, it follows that G(s) has an Euler product of the form

& - 1 (zbwknprks)
k=0

(P)

- I+ 155)

(P)
. Pl
-l (1+ =)
Thus
6) = L)
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where

[P —|P]'~* — |P|™*)
H(S) = (1 — )
(1;[) (1P| +1)(1 = |P[~2)
which converges for Re(s) > 1/2. In addition, G(s) has a simple pole at s = 1 with residue

H1) 1 1
G ogs ~ G@ozq L (+ )

Define the additional Dirichlet series

b(g) Ll
Gi(s) = > Tals = 11 <1+(1—|P| ) (L+|P|= 1)

mepiacsss 19 (P)#(ma;),1<i<n
(ma;)(g) e+1<i<n

X II (i b(P'“)IPI'“>

(P)=(maq,;)t+1<i<n

n —u; 8 -1 n —u;s
q q
( )H wreare) I e
H 1 _ q—u s 1_|_ q—ui) ﬁ q—u,;s
w; _ g—ui(s+1 —u; _ p—ui(s+1)°
1:11+q gl )i:€+11+q g+
Thus, G1(s) has a simple pole at s = 1 with residue
—2u; n —uy;

H(1) ﬁ 1—¢q

H q
Ca(2)logq 3 1+g7m —q2n gy LT - g2’

p:

and

Gils) - sfl

is holomorphic for Re(s) > 1/2. Then, using Theorem 17.1 of [Ros02] which is the function field version of
the Wiener-Ikehara Tauberian Theorem, we get that

H(1 d+1 ¢ 1— —2u; n —u;
> b(g) = (C )(; I - | T 4t (q(1/2+6)d) .
(9),9€84 q i=1 q q i1 q q
(ma; (), 1<i<e
(ma)(9),£+1<i<n
Using the line above in the formula for |F$* (a1, ..., an, B, ..., )], We get

\FoYar, ..y am, By, Ba)l
Y e - (Y i
GO (1 —g2m)  G(2)

H(1 q2d+272?:1 u; 5
_ k (n) R, (q(3/2+ )d) .
G22I Lo (L + g v — g=2u)

Z e - ¢ ™ (3/2+e)d
g
H 1+ q % — q—QUi H 14+ q_ui — q—QUi +0 <q )
i=1 i=0+1

O

The previous result may be used to obtain the number of covers in the whole ordinary family by specializing
ton =0.
Corollary 3.7.
|]_‘2l)rd| H(l)q2d+2 +0 ( 3/2+6)d> .
G220

By combining Proposition 3.6 and Corollary 3.7, we obtain the following result.
10



Proposition 3.8. Fiz aq,...,q, € IPl(IF k) of degrees uy,...,u, over Fy such that none of the a; are
conjugate to each other. Let ,Bl € Fgui for1 <i<mn. Then

|‘Fgrd(a17"'7anvﬁ17"'7ﬁn)| _ qizi:“” +0 (q(*1/2+6)d)

7] oG =)

q Do wi (1 +0 (i q—ui>> +0 (q(—1/2+a)d) )
=1

We finish this section by computing the expected number of points in an ordinary Artin-Schreier cover.
For this, we need to compute the case n = 1, i.e., |F5'(a, B)|.

Corollary 3.9. Fiz a € P'(F ) of degree u over Fy. Let 8 € P*(Fgu). Then

2d+2—u 7u
S 0 (o) 5= on

Fa (e, B)] =

2d+2—u
Cq(2)}£8)fq*“*q*2“) +0 (q(3/2+6)d) B €Fqu

Proof. The case of 8 € Fyu is a simple consequence of Proposition 3.6. For 8 = [1 : 0], we have, by Lemma

2.3 that
| ord( >| — ]_-ord‘ Z| ord ’
BEF u

Fa = | Fg (@, 0)]

H(1)g*2(1 —q7¥) 3
_ + 0] (3/24€)d+u )
G220 +q v —q 2 (4 )

By combining Proposition 3.8 and Corollaries 3.7 and 3.9, we obtain the following result.
Proposition 3.10. Fiz o € P! (F ) with degree u over Fy. Let 8 € P*(Fqu). Then
¢ *(A=g"") (—1/24€)d+u _
—u —2u + O - OQ,
Fita, ) _ [T O ) e
|f0rd| - .
‘ T + 0 (¢1/2499) BT,

Lemma 3.11. Fiz o € PY(F g+) of degree u over Fy. The expected number of F . -points in the fiber above o
is

1+0 (q(71/2+5)d+u) pr)( %’
R O R I

Proof. By Lemma 2.1 and Proposition 3.10, the expected number of F «-points in the fiber above « is

qfu(l — q*u) +0 (q(71/2+s)d+u) + Z

—u _ 4—2u
1 + q q ﬁEF u,try

qu

S B <q<1/2+s>d>) ,
T

p (
1
B=0 -4

If pt £, then try(B) = 0 iff tr,(8) = 0 and there are q points in F,u with that property.

If p | £ then try(8) = £ tr,(8) = 0 for all B € Fgu and therefore the expected number of points in the
fiber is

¢"(1-q") (—1/2+e)d+ p (—1/2+e)d+
14+ qfu _ q72u q 1+ qfu _ q72u q
O

For our main result, we recall that an ordinary Artin-Schreier cover has r+1 simple poles. This corresponds
to taking d = r + 1. We are ready to prove the first part of Theorem 1.1.
11



Theorem 3.12. The expected number of Fx-points on an ordinary Artin-Schreier cover defined over Fy is

F+1+0 (q(71/2+€)(r+1)+2k) ptk,

¢ +1+ ﬁ + Zu‘g 71%15;1(172“ m(uw)u+ O (q(_1/2+5)(r+1)+2k) p |k,
where w(u) is the number of monic irreducible polynomials in F4[X] of degree w.

Proof. 1f p { k, the result follows by adding the result of Lemma 3.11 over all v € P (Fyx). If p | k we still
get the term ¢ + 1 and an additional term given by

Z Z ltqgu—gqg2 1+qgl_g2 +Zl+q7u_q72u7r(u)u,

u\% a,deg a=u u\%

where the first term on the right hand side accounts for the case a = co. O
Remark 3.13. When k = p, we obtain

(p—1)(g+1) (=1/2+¢€)(r+1)+2
q”+1+7+0(q =) p).
1+ qfl _ q72

4. FULL SPACE
In this case, we consider the family
Fi' ={(9(X, 2),MX, 2)) : (X, Z), (X, Z) € Sa, (9,h) =1} .

Proposition 4.1. Fix aq,...,a, € Pl(Fqk) of degrees uq, ..., u, such that none of the a; are conjugate to
each other. Let B; € Fqu; for 1 <i<n. Then we have

2d4+2-370 u; 1
|.F-Cflun(a17 e ?anaﬂl7 e )/Bn)‘ - qi H () + O (q(l-‘rE)d) .

G(2) iy A\ A+
Proof. Assume without loss of generality that f1,..., 8¢ are not zero, and Sy11 = --- = 3, = 0. We have,
by Lemma 3.3, that
full _ . O .
|~Fd (a17"'7an7517"'7ﬁn)| - Z hESd(h7g)_]-a _57,71§Z§n
h(ev)
gE€Sa
£ . —
_ Z qd+1—zi:1u, H (1-|P| 1) 10 (q(l—&-s)d).
9€Sa (P)I(9)
We set
b(g)= ] —IPI™"),
(P)I(9)
and

b(g)
¢ =2 T
(9)7#0
Since b(g) is a multiplicative function, it follows that G(s) has an Euler product of the form

Gis) = [[ ( b(Pk)|P|kS> =11 (1 + bl(}_))”;j'_:)
(P) \k=0 (P)
_ A [P7HIPI™*Y _ el L
- I ) S ()
Therefore (. (5)
G = Gy

is analytic for Re(s) > 0, except for a simple pole at s = 1 with residue %.
q
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Now define the Dirichlet series

b(g) 1—|Pp|1=s
G = S _ 11 1-|P|~'*
1(s) _ lg|® 4 1-|P|5
(ma;)t(g),1<i<e (P)?é(mai),lglgn
(ma;)(9),£+1<i<n

x I1 <i b(P’“)IPI’“>

(P)=(ma,;) t+1<i<n \k=1

B n 1— qfu i(1+s) -1 n qfuis(l _ qfui)
= 1:[( = ) I1 (1_q—u>
¢

i=0+1

B 1— q —UuU; S q —Uu;Ss 1 _ q—ui)
- G(S) H 1— q —u;(14s) H 1— q- w; (14s)
i=1 i=0+1

Thus G1(s) is analytic for Re(s) > 0, except for a simple pole at s = 1 with residue

14 n

—u;

1 1 q

i=0+1
Then, using again Theorem 17.1 of [Ros02], we get that
|]:§u11(a17.“ aanaﬁlw"aﬂn)' = qd+1_zf=1 i Z b(g) +O (q(8+1)d)

(9),9€84
(ma;)1(9),1<i<e
(ma;)(9),£+1<i<n

I s 1 s q " (
N Gq(2) 11:[1(1+q—u1) H <1+q"“>+0< " )

i=0+1

O

‘We may now proceed to compute the number of covers in the whole family by setting n = 0 in the previous
result.

Corollary 4.2.

L
Fi =
ey

By combining Proposition 4.1 and Corollary 4.2, we obtain the following result.

L0 <q(1+s)d) .

Proposition 4.3. Fix aq,...,a, € Pl(Fqk) of degrees uq, ..., u, such that none of the a; are conjugate to
each other. Let B; € Fqu; for 1 <i<n. Then we have

‘fcfluu(alw"aanvﬂla"'aﬂn” - qiui e—1)d
G = 21:[ Tigw +O(q( ))

= q—ZZ‘zlui <1+O<Xn:q—ui>>+0< (e-1) )
=1

We finish the section by computing the expected number of points in the full Artin-Schreier family.

Corollary 4.4. Fiz o € PY(F ) of degree u over Fy. Let 8 € P*(Fgu). Then

g2+ 0O (q(sﬂ)dﬂ) B = oo,

P B) = e+
2)(1+¢ "

WA +a7) (V%) BeF,.
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Proof. The case of 5 € Fyu easily follows from Proposition 4.1. For 8 = [1 : 0], we have, by Lemma 2.3 that

Fiaco) = 1A Y 1A
,@E]Fqu
= [FM = "1 F" (@, 0)]
q2d+27u (e4+1)dt
= ——+0 (q € “) .
G(2) A +4q7)

We then obtain the following result.
Proposition 4.5. Fiz o € P1(F ) of degree u over Fy. Let 8 € P*(Fgu). Then

o) q(sfl)dJru 5 = 00,
Fo,8) g ( )

F T T

+
19) (q(e—l)d) B eFqu.
Lemma 4.6. Fiz o € P! (Fyx) of degree u over Fy. The expected number of Fx-points in the fiber above a
18
1+O( €1d+u) prTu’

1+liq1 —‘rO((E 1d+u) pr|%

Proof. By Lemma 2.1 and Proposition 4.5, we have

—Uu

1jqu_u T e D SR (1 fqu—u Lo (q(el)d)> .

BEF qu ,tri (8)=0

Ifpt %, then try(8) = 0 iff tr,(8) = 0 and there are q% points in F,u with that property.
If p | %, then try(8) = %tru(ﬂ) = 0 for all § € Fgu and therefore the expected number of points in the

fiber is
0 (q(sfl)dJru) n % L0 (q(sq)dﬂ) .
q_u

—Uu

q
14q v

We are ready to prove Theorem 1.1 (2).

Theorem 4.7. The expected number of Fx-points on an Artin-Schreier cover in ASy defined over Fy is

g* +1 4 O (gle=Dad+2k) ptk,

qk+1+(p71)qk/19+1i;}1—(pfl)zu‘%ﬁ (uyu+ O (¢E=DH2R) p |k

Proof. The result for p { k follows from Lemma 4.6. If p | k we still get the term ¢* + 1 and an additional
term given by

p—1 p—1 q"
= +(p—1 m(u)u
Z; Z_ L+qg L+g! P—1) <14 q" )
ul & a,deg a=u ul ¢
- ol +p-1d""—(p-1)> L ()
1—|—q‘1 ‘k1_|_qu '

Remark 4.8. When k = p, we obtain
@ +1+(p-1)g+0 (q(s_l)d“’”) :

14



5. PRESCRIBED FACTORIZATION TYPE
Recall that
Fi={9(X,2),h(X,2)):9(X,Z),h(X,Z) € S4, (g9, h) = 1, h has factorization type v},

d171 dl,l{ d,11 d L
where v = (r;"', ..o, o ™) and

_ pdina d1ey dm .1 Aom 0,y
h=Pyt - Pl Pt Pl

m,1 mlom,
where the P; ; are distinct irreducible polynomials of degree r; and r; # r; if ¢ # j. The degree of h is then

. ‘
given by d =37 7 3000 di
We will first compute the expected number of points for this family. We need the following result.

Lemma 5.1. Fiz a polynomial h € Sy. Then, if h £ 0
{g€Sai(g.h) =1} =g ] a—-1PI™").
(P)l(h)

We remark that this Lemma follows directly from the proof of Lemma 3.3.

Proposition 5.2. Fiz a € P1(F ) of degrees u over Fy. Let B € PY(Fgu). Then, if u < d,

" deg(a) = u # 13, B # o0,
0 deg(a) = u# 4, f = oo,
Py, B)]
Fy e,
| d| 1 S:(S:Z)) = deg(a) = /riaﬂ 7& 0,
Wé’{i) deg(a) =1y, 8 = oc.

If u > d the above quotient is O(q™%).
Proof. We first consider the size of the whole family. By Lemma 5.1 we have

\Fil = > {g € 8a: (9,h) =1}

deg P; j=r;,all different
m
(5) — ¢ [ -q)" 3 1.
=1 deg P; j=r;,all different

If deg(a) = u # r;, and S € Fyu, then by Lemma 2.3 it suffices to find |F} (e, 8)| for 8 = 0. If this is the
case, then we need g(«) = 0, or that m,, | g.

| F3 (e, B)] = > {g €Sa: (g.h) =1,ma | g}
deg P; j=r;,all different
m
— qd+l—u H(]- _ q_"'i)li Z 1
i=1 deg P; j=r;,all different

If deg(a) = u # r;, and § = 0o, we get a contradiction and thus
|74 (a,00)] = 0.

Now assume that deg(a) = u = 1y, for some iy and that 8 € Fyu. By Lemma 2.3 we can again assume
that 8 = 0. In this case we need to impose the condition that h(a) # 0. Therefore,
m
[Fila, B)] = ¢ o [T —q77)" > 1.
1=1 deg P; j=r;,P;, j#mq,all different
15



Finally, if deg(a)) = r;, for some iy and 3 = oo, we need that h(a) = 0 and g(«) # 0.
[Fid (@, 00)| = ¢ (1 —q7m)" > L.
=1 deg Pi,j :ri,EPiO‘j :mmaﬂ different

The result now follows from the identity

m

: m(r;)
[{deg P; ; = r;, all different}| = };[1 ( /, )

We are now ready to prove the main result of this section.

Theorem 5.3. The expected number of Fgx-points on an Artin-Schreier cover with poles given by the fac-
torization type v defined over Fy is

¢ +1 ik,

¢ +1+(p—-1¢""+(p-1) (1 - Zm\k&m) plk
Proof. We can assume that p { d;. This is because the F -isomorphisms (z,y) + (z,y + ax*) allow us to

eliminate all the terms in i such that z appears to a power multiple of p.
By Lemma 2.1, the final count becomes

|74 (a; 00)) |74 (a, 8]
2 ATt X 2 AT

a€eP! (]Fq ) a€eP! (]F k ) Bqudeg(a) ,try (ﬁ):O
¢ _ des
SIS VIR E D DD D
rilk TN a€P(F 1) deg(a)=r;  a€PY(F k) BEF acg(a) tri(8)=0

¢ .

Yy >
rilk " a€P(F, k) deg(a)=r; BEF 1y ,tri(8)=0

If p{k, then tri(8) = 0 if and only if tr,(8) = 0 and there are % in Fgu with that property. Thus we

obtain ¢* + 1. If p | k, then since p { r;, if r; | k then p | rﬁ and tri(B8) = 0 for 5 € Fgr:. The final count then
becomes

> > pq 9B 43 W(é;_) > 1— o g

a€PL(F k) BEF aeg(a) itk (8)=0 rilk ") a€P!(F,r; ),deg a=r; BEF r; ,tri(8)=0

:qk+1+(p—1)(qk/p+1)_27r(£;‘) Z (r—1)

rilk Y aept (Fyri),deg a=r;

=" +1+ (-7 +(p-1) 1= lir;
rilk
O

Now suppose that we take the p-rank 0 family. We recall that this corresponds to v = (19). A simple
application of Theorem 5.3 yields the following.
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Theorem 5.4. The expected number of Fx-points on a p-rank 0 Artin-Schreier cover in ASq o defined over
F, is
¢"+1 ptk,

@ +1+(@-1)¢""" p|k.

This recovers the result from [Ent12].
Finally we consider the family of curves with p-rank equal to p — 1. It corresponds to v = (19,192).
Again, by applying Theorem 5.3 we get the third part of Theorem 1.1.

Theorem 5.5. The expected number of IFr-points on a p-rank p Artin-Schreier cover in ASgy, 1 defined
over Fy is

" +1 ptk,

F+1+p@-1)("""-1) plk

We now proceed to the case where we fix several values, which will be needed for the computation of the
moments.

Proposition 5.6. Let aq,...,a, € P! Fyx) of degrees wy,...,u, over Fy such that none of the o; are
conjugate to each other. Let 3; € Fgu; for 1 <i <n. Then

) m
|]:d (0417 conap, B, aﬁn)| _ H(l _ T(ri,&;ul, . 7un)>q—(m+~~~+un) + O(q(a—l)(i)7

v
where 0 < 7(r, by ut, ..., upn) <1 14s a constant that depends on the number of u;’s that are equal to r; and
is equal to zero if u; # r; for any j.
Proof. Without loss of generality we can assume that 1, ..., 8¢ are not zero and that fyy1 =--- = 5, = 0.

We have that
‘fg(al""aanvﬁlau'aﬁn)'

g1(a) H —¢+1 May (i)
6 = ) {91 €Sa-xr,uy t (1.0) =1, %j; =B, 1<i<t
deg P; ;=r;,all different !
P; j#Fma
Notice that ;" € Fj.; for 1 <i < (. By Lemma 3.3,
h(ev) -1 .
gleSdf n_ Uj:(gl’h):17 n :51‘ 1SZ§€
‘{ L=t g1 () Hj=e+1 Ma, ()

_ qd+1*2?:1 Ui H (1 - |P|71) +0 (qsd)
(P)I(h)

m

S [ - ) + 0 ().

Jj=1

On the other hand, |{deg P; ; = r;, all different, P; ; # my}| is a product of binomials of the form

4)

where s; corresponds to the number of u;’s that equal the particular r;.
This gives that
|{deg Pi)j = r;, all different, Pi7j 75 ma}|
|{deg P; ; = r;, all different }|
17




is a product of terms of the form

T(ri)—s;
(1_T(ri,fi§ul,..-7un)) = ( (/; ) (ﬂ-(ri) _Ei)(ﬂ-(ri) —bi- 1).”(7[-(”) — b _Si+1)

SR m(ry)(mw(ri) = 1)+ (w(ri) — si +1)
By dividing equation (6) by equation (5), we get
Folog,...,am, B, Bn S T B
Filtteees e PreesBull St TT = st ) + O,
d i=1
where the constant satisfies the desired properties. O

6. BEURLING-SELBERG FUNCTIONS

In this section we start the development of the tools needed to prove Theorem 1.2. By the functional
equation, the conjugate of a root of Z¢, (u) is also a root so we can restrict to considering symmetric intervals.
Let 0 < f < 1andset Z=[-3/2,8/2] C [-1/2,1/2). Our goal is to estimate the quantity

2% 2g/(p—1)
j=1
where x7z denotes the characteristic function of Z. We are going to approximate xz with Beurling—Selberg
polynomials Ili(.

In what follows, we use the standard notation e(x) := e*™*®. Let K be a positive integer, and let
h(0) = >k /<x are(kO) be a trigonometric polynomial. Then, the coefficients aj are given by the Fourier
transform

N 1/2
c%:h@):/‘ h(0)e(—k0)do.
—1/2
Here is a list of a series of useful properties of the Beurling—Selberg polynomials (see [Mon94], ch 1.2)

that will be used in this paper.

(a) The Iz are trigonometric polynomials of degree < K, i.e.,

IfE(z) = Y Ti(k)e(ka).

|kI<K
(b) The Beurling—Selberg polynomials yield upper and lower bounds for the characteristic function:
I <xz <If.

(c) The integral of Beurling—Selberg polynomials approximates the length of the interval:
fmﬁ@m_fmm@Mil_Mil.
L K 12 K+1 K+1

(d) The Ix are even (because the interval Z is symmetric about the origin). Therefore the Fourier
coefficients are also even, i.e. fli((—k) = fli((k) for |k| < K.

(e) The nonzero Fourier coefficients of the Beurling—Selberg polynomials approximate those of the char-
acteristic function:

~ N 1 ~ sin(mk|Z|) 1
TE(k) — < IE(k) = > 1.
(I3 (k) — Xz (k)| < Kl = Ix(k) "y +0 K+1)° k>

Therefore we obtain the following bound:
T
||

‘We now list some results that will be useful in future sections.
18
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Proposition 6.1. (Proposition 4.1, [FR10]) For K > 1 such that K|Z| > 1, we have
> Tk = o),

E>1
o, 1
> IRk = 5.2 08(K|Z]) + O(1),
E>1
o~ 1
> IEk)I = 53 loa(K[Z])+0(1).

k>1

We remark that for a given K the above sums are actually finite, since the Beurling—Selberg polynomials
Ifi( have degree at most K. We will also need the following estimates.

Proposition 6.2. (Proposition 5.2, [BDFLS]) For ay,...,qr,Y1,...,% >0, and B1,..., 53 € R, we have,
SN TER) L TE(R) TR kg ke — O(1),
Eyyeoykn>1
For ay,as,v >0, and B € R,
STIER) T TER) T K g = 0(1).
E>1

7. SET-UP FOR THE DISTRIBUTION OF THE ZEROES

We state here an explicit formula that will be used to relate L(u, f, 1) to the Beurling—Selberg polynomials.
Recall that 2g = (p — 1)(A — 1).

Lemma 7.1. ([BDFLS|, Lemma 3.1) Let h(0) = ZlleKﬁ(lﬁ)e(kF)) be a trigonometric polynomial. Let
0;(f, ) be the eigenangles of the L-function L(u, f,%). Then we have

A—1 KA —
(7) > hO;(f,0) = (A 0) - 3 MBS Y kﬂ(—k)sk(f,w)’

k=1

where

D W(tr(f()))-

zePpl (]Fqk.)

F(@)#oo
We use the Beurling—Selberg approximation of the characteristic function of the interval Z to rewrite
Nz(f,v) and Nz(Cy) where f varies over one of the families F4. By Property (b) of the Beurling—Selberg

polynomials, we have
A-1

A—1
I (6 ) < Nz(f,0) < > I
j=1 j=1
and using the explicit formula of Lemma 7.1 and Property (c), we have

3 A1
+ _ n _
D IR 0,(£:9) = (A= DIZI = S* (K. f.0) & Ty
where
S TER) S ) + TE(-R)Se(f. 0
(8) (K, £ :Z k(S 1/’>qk/2;<( )Sk(f, )
This gives
A — A
9) —ST(K, f,9) — Ki—i—i < Nz(fh) — (A = D|Z| < —ST(K, f,9) + Ki—i_i’
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and
p—1

(10) —ZS (K, £, K+1 < Nz(Cp) - 20T < =) SH(K f.u"

h=1

2g
)+K+1'

In the next section we are going to compute the moments

S SHE N and e Y SHK O

|]: | | Fal

fEFa fEFa
where
p—1
(11) SEE.Com = Y SEK, f,9M) . SEK, £,
hi,...,hn=1

We will show that they approach the Gaussian moments when properly normalized. We will then use this

result to show that
Nz(Cy) —2g|Z|

2o log(g|Z))

converges to a normal distribution as g — oo since it converges in mean square to

SE(K,Cy)
1)

8. MOMENTS

Our goal is to compute the moments of S*(K,C #) when f varies in any of the families of curves F$9,
F and FY
d > d

Definition 8.1. Let
(1 + q—u _ q—Qu)—l ]:d — ]:ord,

(I4¢ )" Fy= Fiul

E = % _gi ' .
fd(u) ﬂL .Fd = ]::1) and u = T; fO’I” some i,

m(rs)
1 Fa=F] and u # r; for any i.
More generally, we have
H Er, (ui) Fq = Ford, Fhon
E]-'d('uq,...,un): i

H(l —T7(ri, by ur, .. uy)) Fa=F5,

i=1
where T(r;, Li;ur, ..., Up) 8 as defined in Proposition 5.6.
Remark 8.2. Let F; be any one of the families considered. Then
Er,(u)=1+0 (ug™).
The estimate can be improved to Ex,(u) = 1+0 (¢~%) for F$*¢ and F{. In the case of F, we are assuming
that the ¢; are fixed constants and using the estimate w(m) = %m +0 (%) (see [Ros02], Theorem 2.2).
In addition, we have that

Er,(u1,...,up) < 1.

From now on we will use the notation a1 ~ as to indicate that «; and as are Galois conjugate, and
a1 ot ag for the opposite statement.
Then, for all the families under consideration we have the following result.
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Lemma 8.3. Let a € Pl(Fqk) of degree uw over F,. Let B € Fqu. Let Fyq be any of the families under
consideration. Then

Fa@.B)  Fa@ 0 Er(u) . o ( an
(12) A = A a o)

Let o, 000 € P! (Fgr) of degrees uy,up respectively over Fy. Let By € Fqui, B2 € Fyus. Let Fyq be any of the
families under consideration. Then, if aq # «as,

| Faar, oz, B1, Ba)| Er,(u1, u2) —dj2
s sl Bl ()
where Er,(u1,u2) does not depend on the values of 1, Ba.

If ay ~ ag, and B ~ Bo by the same automorphism,

(14) |]:d(0é170t2,ﬂ1,ﬂ2)| — |Fd(a1751)‘ _ E]:d(ul) + 19) <q7d/2> )
|7l | Fal g

Otherwise, we get zero.

Let aq,...,ap € IP’l(IE‘qk) of degrees uq, ..., u, over Fy and let B; € Fgui for 1 <i <n.

If none of the a; are conjugate to each other. Then

| Falaa,...,an,B1,...0n)l Er, (u1,...,u,) —d/2

15 — aiTher ) 5 /2y,
(15) o e e
where Ex,(u1,...,u,) does not depend on the values of f1,...,Bn.

If some of the «;’s are conjugate to others, then we get zero, unless the corresponding [3;’s are conjugate
by the same automorphisms and in that case we get formula (15), where the u;’s correspond to the degrees
for each of the different conjugacy classes of the a;’s.

Proof. This follows from Propositions 3.8, 3.10, 4.3, 4.5, 5.2 and 5.6. (]
We recall that for a family F, a function G depending on f, and a vector @ = (v, . .., ay,), we have the
notation

G = 57 260
feF

G ra = |71E| S G

flej)#oo,1<i<n

The main idea in the computations of moments is that if we sum the value of a non-trivial additive
character ¢ evaluated at a linear combination of the traces tr,, (8;) over all 5; € Fqu; for 1 <i <'s, then the
sum will be 0 unless each coefficient is divisible by p.

Lemma 8.4. Let mq,...,ms € Z, and ¥ a non-trivial additive character of F,. Then,

qut Tt pim,; forl <i<s,
S Glmitrg (B) + - Fmtry, (Bs) =
Bi€F u; 1<i<s 0 otherwise.

8.1. First moment.

Lemma 8.5. Let h be an integer such that p{ h, e € {—1,1}, and k > 0. Let o € Fy of degree u over F,.
Let Fy be any of the families under consideration. We have,
Er,(u)+ 0 (¢"~*?) pl4,

(W(ehtr, F()) 5, o =
@) (q"‘d/z) otherwise.
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Proof. By reversing the order of summation, we obtain

‘F
<¢(6htrkf(a))>]:d,a = Z (ehtrr(8 | d|f7:d| )|

We now apply Lemma 8.3 in order to obtain

Efd Z " <6hk )) 10 (q“*d“) .

BEF u

Lemma 8.4 implies that the main term is zero unless p | % This completes the proof of the statement. [

For positive integers k, h with pth and e € {—1,1}, set

Mig" = <qk/2 > w<ehtrkf<a>)>

aEF ),

fle)#oo Fa

= ¢k Z Y(ehtry (@) x, o
aE]F k

Lemma 8.5 has the following consequence.

Theorem 8.6. Let h be an integer such that p 1 h and let Fy be any of the families under consideration.
Then

Mlkjh = epi (E]:d (k/p) g~ (1/2—1/p)k JrO( (1/2— 1/2p)k>) 10 (qSk/Zfd/2)
- 0 (q—(l/Q—l/p)k + qSk/Q—d/Q) ’
where
o )0 pIk
Pk p| k.
Proof. By Lemma 8.5, we have that
Mlk:j,h _ qfk/Z Z E]:d (u) + qsz/2 Z O(qdeg(a)fd/2)
u,pulk a€lF _j
@€ deg(o)=u q
= k/2 Z Ez,(m)m(m)m + O (qgk/zidﬂ) :
m,pmlk

Finally, if p | k, the estimates from Remark 8.2 yield

Y. Er(m)m(m)m=Eg, (k/p)d*" +0 (qk/zp) :

m,pm|k

Notice that changing h allows us to vary the character from 1 to ¥". This will be useful later.

Theorem 8.7. Let h be an integer such that p t h and let Fq be any of the families under consideration.
Then for any K with max{1,1/|Z|} < K < d/3,

(SE(K. £.41) . = O(L).
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Proof. We have that

(SE(K, f,0") 2, =

and the result follows from Proposition 6.2. ]

Theorem 8.8. Let F,; be any of the famz'lies under consideration. Then,

(Nz(f, )7, = |]_.| > Nz(f.4)

fe€Fa

(Nz(Cy)) 7, ‘]_-| > Nz(Cp) = 207 +0(1).
fEFa

(A-DIZ|+0 (1)

Proof. This follows from Theorem 8.7 and equations (9) and (10) using K = ed for any 0 < e < 1/3. O

8.2. Second moment.

Lemma 8.9. Let hy, hy be integers such that p { hiha, e1,ea € {—=1,1} and ki, ky > 0. Let ay € F,,

ag € Fyr, of degrees uy,ug respectively over IFy. For any of the families under consideration, we have,
((erh try, flon) + e2ha tri, f(@2))) 7, (01,00

erhiki + eghoks

Ui
=30(1 +qu1+u27d/2) aj A ag, p (]Ll ki)v

Ul ? u
@) q“ﬁurd/z) otherwise.

Ex,(u1)+ 0O (qul_d/2) a1~ ag, D

Proof. Reversing the order of summation, we write

(h(erhy trg, flon) + e2ha tre, f(2)) 7, (ar,00)

(16) = > Y(erhy try, Br + ezha try, B2)

B1EFu1 ,B2€F juz

|]:d(a170¢2;517ﬁ2)|
| Fdl '

Assume that a; # ag. By Lemma 8.3 we can write (16) as

Ex,(uy,us) Z ” <€1h1/€1 tro, B + eahoko tru, ﬂz) L0 (qu1+u2—d/2) )
U1 (5

qul +uz
B1EF juq ,B2€F jua

Then Lemma 8.4 implies that the sum is zero unless p | ’l% and p

Now assume that a; ~ as. Then f(aq) ~ f(asz) and try, f(a1) = try, f(az). By Lemma 8.3 we can write
(16) as

|@
’U.z'

Ery(w) erhiky + eahaky | u1—d/2
(AR e ) 40 ().

™ g,

Then Lemma 8.4 implies that the sum is zero unless p | W
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Lemma 8.10. Let hy, he be integers such that pt hihs, e1,e2 € {=1,1} and ki, ks > 0, ky > ko. Let Fy be
any of the families under consideration. Then,

Er,(k1)kig® + O (k1g"/?) ki =k, p| (erh1 + ezha),

0 k1 = ka,pt (erh1 + e2h2),
Z E]'—d (m)ﬂ-(m)m2 - 9] (k k1/2) ks =2k
ml(k1.k3) 19 L=
mp\(ﬁﬁﬁ){kf#éhz@) O (qukl/g) kl 7é k?a 2k2

Proof. For the first case when k1 = ka2, the conditions on the summation indices become m | k1, mp { k1,
and mp | (e1hy + eaha)k1, a contradiction unless p | (e;hy + eshsg). In this case, one gets

> Er(myn(m)m? = Ex,()kig™ +0 (kid"/2),
mlky
mptky

where we have used the estimates for 7(m) and Erz,(m) discussed in Remark 8.2.
On the other hand, when k; = 2k,, one gets

Z Ex,(m)m(m)m? = O (quk1/2> .

m|ko
mptho
mpl|(2e1hy+eghg)ky

Finally, if k1 > ko but ki # 2ko, we have (k1, k2) < k1/3 and
Z Ez,(m)r(m)m? = O (quk1/3> .

m|(ky,k2)
mptky, ko
mpl(erhikyteahoky)

This completes the proof. O

For positive integers ki, k2, hi, ho with p1 hihs and eg,es € {—1,1}, let

Mg(f“dlvkz)y(617e2)7(h1,h2) = <q(k1+k2)/2 Z ’L[)(elhl trkl f(al) + esho trk2 f(CYQ))>
Q1EF py a2 €F iy
Flaq)#oo, f(ag)#oo Fa
= ¢ (k)2 Z ((erh try, flon) + eaha tri, f(@2))) 7, (ar,00) -
aleﬂ"qkl
2€F i,

Using Lemma 8.10, we can prove the following analogue of Theorem 8 in [Ent12].

Theorem 8.11. Let 0 < hy,hy < (p—1)/2, e1,e2 € {—1,1}, k1 > ko > 0, and let F4 be any of the families
under consideration. Then

(k1,k2),(e1,e2),(h1,h2)
M2,dl 2) (61 52) 1 2 '
0 otherwise,

{5k17k2 (E]:d(kl)kl + 0 (quikl/z + qu(klid/m)) €1 = —eq, h1 = h2a
+0ky 26,0 (qu_ki’/Q + qukz/Q—d/Z)

+0 (qu_k2/2—k)1/6 + quk1/6—k2/2_d/2)

+0 <q(1/1771/2)(k1+k2) + q3<k1+k2)/2,d/2)

where

5 _ 17 ky = k?a
R ()
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Proof. From Lemma 8.9, we have

Myl et Speeists ST almm® (Br,(m) + 0" ")
q m|(ky,k2)
mptky, ko

mpl(erhikyteghaka)

Cp,k16p,ks witus—d/2
TO | oty 2. (1+q o )

deg o =uq,deg ag=ugy
k1 k2
plarrlay

1
+ 2—d/2
+0 g +ha) /2 Z g

deg a] =uq,deg ag=usg
uylky,uglky

It is easy to see that the last two terms are
9] (q(l/p—l/Q)(k1+kz) + q3(k1+k2)/2—d/2) )
For the first term, we use Lemma 8.10. As a final observation, the condition p | eyhy + eshs translates

into hy = hy and e; = —eg because of the restriction on the possible values for hi, hy. This concludes the
proof of the theorem. O

Using Lemma 8.10, we can prove the following result which will also be used in the general moments.

Proposition 8.12. Let hy, ho be integers such that pt hiha, e1,es € {—1,1} and ki, ky > 0. Let Fy be any
of the families under consideration. Then,

K
S Tk To ek 2 S B myr(mm?
k1,ka=1 m\(fklvkkz)
mptky, ko

mp|(erhikiteghgky)

1
92 log (K|Z]) + O(1) p| (erh1 + e2ha),

o(1) otherwise.

Proof. Using Lemma 8.10, we have the sum is

K K K
€p,e1h1+ezhs Z Ili((kl)lfi((_kl) (E]:d(kl)kl +0 (qu_kl/Q)) +0 Z qu_k1/4 + Z qu_kl/6q_k2/2
ki1=1 ki=1 k1,ka=1

K
= €p,erhi+eshs Z I;(kl)lli((_kl)E}—d(kl)kl + O(l)
ki=1
Now the estimates from Remark 8.2 and Proposition 6.1 yield

K K K
N Tk TE(=k1) Ex, (k1)k > Lé(k) L (—ka)k + O (Z k%ﬂl)

ki1=1 ki=1 ki1=1

1
— 1
5 log(K|T]) +0(1),

which finishes the proof of the statement.

Finally, we are able to compute the covariances.
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Theorem 8.13. Let 0 < hy,hy < (p—1)/2, and let F; be any of the families under consideration. Then
for any K with 1/|Z] < K < d/6,

S VoB(KIZ) + 0 () hy = ha,
(SE(K, £, 0")SEK, f,4")) . = (SE(K, £,9")ST(K, £,9"2)) . =

0 (1) hy # ho.
Proof. By definition,
(ST(K, f,9") ST, f,4"2)) 2,
K
— Z f[i{(kl)j}i{(kQ)MQ(fcdl,kg)ﬁ(l,l)a(hhhz)+f}i{(kl)f]i{(_k2)M2(chl1,kz),(l,fl),(hl,}m)
k1,ka=1
T (=) T (ko) Myl 2 HD ) o () T (=) Mgy P20 7D ),

Using Theorem 8.11 to replace the terms above, we first remark that the contribution of the last two error
terms from Theorem 8.11 to the sum is

K
< Z k1q7k2/27k1/6+k1qk1/67k2/27d/2+q(1/p71/2)(k1+k2)+q3(k1+k2)/27d/2 <1

k1,ko=1

provided that d > 6K.
Similarly, the contribution of the error terms for ky = ko and k1 = 2k; is bounded by

K
< Z lcqik/2 + quid/Z <1
k=1

provided that d > 2K. Finally, the main term comes from summing Er,(k1)k; when k1 = ko, and this
occurs only when hy = hy and {ej,ea} = {1, —1}. Proceeding as in the proof of Proposition 8.12, we then
get that

K
(SHK J M) 2, = 23 Ti(k)Ig(—k)ki Ex, (k) + O(1)
k1=1

1
= = log(K|Z]) + O(1).
The proof for <Si(K, f,0M)ST(K, f, wh2)>]__d follows exactly along the same lines. |

Corollary 8.14. For any K with 1/|Z| < K < d/6,

2(p—1)

(SH(K.Cp)%) ., = (SH(K.Cp)S™(K.Cp)) ., = log(KZ) + O(1).

Proof. First we note that

p—1

<Si(K’Cf)2>]:d = Z <Si(Ka fa¢hl)si(K’f’wh2)>]:d'

hi,he=1

Notice that by Theorem 8.13, the mixed average contributes =z log(K|Z|)+O(1) for each term where hy = ho
or hy = p — hy. The proof for (S*(K,Cf)S™ (K, Cy)) 5, is identical. O
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8.3. General moments. Letn, kq,...,k, be positive integers, let eq, ..., e, take values +1, and let hq,..., A,
be integers such that p{ h;, 1 < i < n. Let k = (ky,...,k,), e = (e1,...,€,), and h = (hy,..., h,). Let

a; €Fpriy 1 <i<n,andlet a = (a1,...,0ay). Let Fy be any of the families under consideration. Then, we
define
mEeP(a) = ((erhy tr, flan) + - + enhn try, flan) 7, o
1
= |-Fd| Z ¢(€1h1 trkl f(Oél) +"'+enhn trkn f(an))a

feFy
fla;)#o0,1<i<n

and
Mpeh= 37 g e (o),

@i €F 1,

i=1,...,n

Lemma 8.15. Let Fy be any of the families under consideration. Let C1,...,Cs be the distinct conjugacy
classes of the ay,...,ay,. Let u; be the degree of the elements of C;. Fori=1,... s, let

1
n, = ’172 Z ejhjkj.
ajeCi

Then
Ex,(u1,...,us) +O (q“1+"‘+“s_d/2) ifplm for1 <i<s,

10 (qu1+---+us—d/2) otherwise.

Proof. Renumbering, suppose that a; € C; for 1 < i <'s. Since try, f(a;) = ﬁ— try, f(a) fori=1,...,s, by
the definition of 7;, we have that

1
mt,e,h(a) _ @ Z 1)[) (elhl try, f(Oél) + 4 enhy trkn f(a"))
feFy

Flay)#o0,1<i<n

1
= @ Z ¢(Ul try, f(041)+"'+773tru5 f(as))
f(an;iofffs&n

= Z w(nl trul /Bl +"'+nstrus ﬁs)

Bi€F u;, 1<i<s

q%is

Er (uy,...,u, et —
= Bl ) S tna Byt e, B) O ()
q Bi€F yu; , 1<i<s

|]:d(a1a s 7048761’ s 7BS)|
| Fal

by Lemma 8.3. The result now follows from Lemma 8.4. ]

Lemma 8.16. MX®" is bounded by a sum of terms g~ F1++k)/2T(ky . K,.), where each T(ki,. .., ky)
is a product of elementary terms of the type

such that the indices ji,...,jr of the elementary terms appearing in each T(k1,...,k,) are in bijection with
ki,... kp.
For n = 20 even, let N¥®" be the sum of all possible terms q—(’f1+"'+kn)/2T(k1,...,k:n) where the
T(ki,...,kn) are made exclusively of the following nested sums
(17) Z 7(my)m? - - Z n(me)miEx,(my,. .., mg).
my|(G1.de41) my|(dg,d2e)
myplerhijepr+espihepidota mypleghgisgteaehariag
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If n = 20+ 1 is odd, let NX®¥ be the sum of all possible terms q_(k1+“'+k“)/2T(k1,...J{;n) where

T(k1,...,kn) are made exclusively of the following nested sums
(18)
2 2
E m(mi)my - E m(me)my E T(met1)me1 Ex,(ma, ... me, megr).
m1l(1.de41) myl(ig.dze) moy1lizeq1
miplethiipp1+estihet1dot1 mypleghypisgteaghapisg mpy1plecep1hoeyiioeta

Let L¥®h be the sum of all the other terms q_(k1+"‘+k")/2T(k1, ..., kn) as defined above. Then,
Mkeh Nk,;,h L0 (Lk,e,h) L0 (q3(k1+~-»+kﬂ)/2—d/2) .

Proof. Using Lemma 8.15, we first write
Mok _ g Oato i SY B ) + O (M0

where the set A of admissible (aq,...,q,) are those where p | n;, @ = 1,...,s. To count the number of
admissible (aq,...,a,), we first fix a partition of {1,...,n} in s classes Cy,...Cs. Let k(Cy) be the ged
of the k; such that i € Cy, and let §(Cy) = Ziecu, e;h;k;. Then, for any such partition, the number of
(a1,...,ap) € ]Fqk1 X +++ X Fk, such that a; and oy are conjugate when 7,7 are in the same class C, and
which are counted in A is bounded by

(19) IS wmm,

i=1 mlk(C;)

mp|s(C;)
where we have used the fact that the number of (aq,...,04) € Fqkl X - X F.x, which are conjugate over F,
is given by
Z 7(m)m?.
m|(k1,...,kt)

Since Ex(uq,...,us) < 1 by Remark 8.2, we get the first result of the statement by summing (19) over all
partitions of {1,...,n} in s classes C1,...Cs.

Suppose that n = 2¢ is even. Then, using inclusion-exclusion, the number of (avy, ..., ) € Fyry x- - xFyrn,
such that o; and «; are conjugate, if and only if ¢ = j(mod¥¢) can be written as

2 2
E w(my)my - - E m(me)migEr,(m1,...,me) | +S(k1,...,kn)
my|(k1,kgy1) myl(kg.kap)
myplethiki+eprrhep1koy mypleghykgtezghopkey
where S(ki,...,k,) is a sum of terms in LX®B.  (We have to do inclusion-exclusion to remove the cases

where conjugate values of a belong to two different classes C,.)
The case of n = 2¢ + 1 follows similarly, taking into account that one has to multiply by the factor

q /2 Z w(m)m. O

mlkn
mplekn

Theorem 8.17. Let F4 be any of the families under consideration. For any K with 1/|Z] < K < d/n

ey log! (KIZI) (1+ O (log™ ' (K|Z)))) n =2t

(S*(K, f,0)") 5, =
0 (1ogf(K|I|)) n=20+1.

More generally, let 0 < hy,...,h, < (p—1)/2. Then for any K with 1/|Z| < K < d/n,

Ol og! (KITI) (140 (1o~ (KIZD))) n =21

(S fm) . SEE, f0) 5 =
0 (1ogf(K|I|)) n=20+1.
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The constant O(hy, ..., h,) is given by
#{(e1,...,en) €{-1,1},0 €S, : e1hon) + e2hy(2) = -+ = €ar—1hy(20—1) + €20h5(20) = 0 (mod p) }
where S,, denotes the permutations of the set of n elements.

Proof. We have that

(S L) SEE L)) 5, = ) Tileak).. T (eakn) Moo,

d

and we use Lemma 8.16 to replace MX*? in the sum. The error term satisfies

K K n
Z I?é(elkl) . -~I]jé(enkn)0 <q3(k1+~-+kn)/27d/2) < (Z q3k/2d/2n> <1

ki,...,kp=1 k=1
€1, ep==%1

when d > 3nK.

For the main term, we have to consider the sum of the terms T'(k1,...,k,) from Lemma 8.16. For each
fixed T'(k1, ..., kn), we write the sum over ki,...,k, as s nested sums 31 ... Ex,(my,...,ms) where X,
is a sum over the k; such that i € C,, and |Ex,(my,...,ms)| < 1. If |C,| = 1, then we have a sum

K
(20) Y Tklk)g™2 3 w(mym <1,
k=1

m|k
mpley

because of Theorem 8.7. For r = |C,,| > 2, we have a sum of the type

K
Z IE(eiky) .. I (epk,)q= Rt the)/2 Z m(m)m”.
ki,...,kr=1 ml(ky,..., ky)

mp|XT_q eihik;

When r = |Cy| > 2, we will show in Lemma 8.18 that the contribution from the terms of the sum over
ki,...,k, is bounded. Assuming this result, we have by Lemma 8.16 that the leading term in S* (K, f, )"
will come from the contributions N:j’h.

If n = 24, the leading terms are of the form

K

T+ T+ —(k1+--+k.)/2 2 2
g IE(eiky) ... T (epky )™ )/ E w(my)my - E w(me)my
ki,...,kr=1 my|(k1,kpy1) myl(kg kog)
mayplerhikpi1+eprhpprkoyn mypleghgkagtegghopkay
xEx,(ma,...,mg)

By Definition 8.1 and Remark 8.2 combined with Proposition 8.12, for Fy; = fgrd7 .7-"5““ the above sum gives

= <K|z>)é.

For FJ, we have that Ex,(m1,...,m¢) = 1 unless some of the m;’s equal some of the r;’s. Since the r;’s are
fixed constants, this simply introduces an error term of the form O (log (K|Z|))*”" which does not change
the final result.

If n = 20 + 1, the leading terms are of the form

‘
O (log (K|Z1))" .

The final coefficient is obtained by counting the numbers of ways to choose the ¢ coefficients k;’s with
positive sign (e; = 1) and to pair them with those with negative sign (e; = —1). a
Lemma 8.18. Let r > 2, then

K
Si= Y If(k).. . TE(R)g BTN rm)m” = 0(1)
E1yenkp=1 mley,e k)

mpt(k1,... k)
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Proof. Suppose that ky > --- > k.. We use repeatedly the estimates from Remark 8.2. If k&1 = k,., we have

Z m(m)ym” =0 (k{"'¢").
m|(kq,.. k)
mpt(ky, sk
If k1 = 2k,., and all the other k; are equal to ki or k,., we have
Z m(m)m” =0 (k‘f_lqklm) .
m| (k1o k)
mpt(ky,....ky)
In all the other cases, the estimate is
Z w(m)m” = O (k{_lqk1/3> .
m|(ky,..-, ky)

mpt(ky,..., kr)

Putting things together, we get

K r—1 K
S < Z f]i{(k)rkrfqu(r72)k/2 + Z Z f}%@k)[ﬁ? (kj)rflkrflq(lfr/2fl/2)k
k=1 =1 k=1
K
+ Y TE(k) .. TE (k) kg R/ et 2
k1yeoskip=1
< 1
by Proposition 6.2. (]
Remark 8.19. We note that if n = 2/,
(p—1)/2 ¢
(r—1)"(20)!
By =1

There are (L,Q!g); ways of choosing unordered pairs of the form {e;, e;}. Inside each pair, exactly one of {e;, e;}

is positive and the other is negative, so there are a total 2¢ choices for the signs. Finally, for each pair there
are (p — 1)/2 possible values for h; which automatically determines the value of h;.

Remark 8.20. By Theorem 8.17, the moments are given by sums of products of covariances. Thus, they
are the same as the moments of a multivariate normal distribution. Moreover, the generating function of
the moments converges due to (21). Therefore, our random variables are jointly normal. Since the variables
are uncorrelated (cf. Theorem 8.13), it follows that our random variables are independent.

Recall that
p—1

SE(K,Cp) =Y S(K, f,47).

Jj=1

Theorem 8.21. Assume that K = g/loglog(g|Z|), g — oo and either |Z| is fized or |Z| — 0 while g|Z| — oo.
Then
SE(K,Cy)

2 1og(g|71)

has a standard Gaussian limiting distribution when g — oco.

Proof. First we compute the moments and then we normalize them.
With our choice of K we have

log(K|Z|) _ | logloglog(glZ]) 4 oo
log(g|Z1) log(g|Z1)
Because of this, log(K|Z|) can be replaced by log(g|Z|) in our formulas.
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Recall that ST (K, f,¢") = ST(K, f,4?~"), then

n

(p 1)/2 (p—1)/2
SE(K,Cp)" = Z SEE, fh) | =20 D SEEK, £ SEE, ).
= hi,...,hn=1

Therefore, the moment is given by

(p—1)/2
(ST(K,Cp)")y = 20 > (SEE M) L SEK, f "),
Biyeoshn=1
First assume that n = 2¢. By Theorem 8.17, this is asymptotic to
on (p—1)/2
‘
ng (9|I|) Z O(hi, ..., hy).

77,—1

Finally we use equation (21) to conclude that when n = 2¢,

nio_ 1\E
(S5 K, Oy 5, = 22 B0 ez = B 1)rog (g1,

2001 (272)¢ 02t
In particular, the variance is asymptotic to 2(’;1) log(g|Z])-
Now assume that n is odd, n = 2¢ + 1. Theorem 8.17 yields
n 0
(S:(K,Cp)") ., = 0 (log'(alT])).
Hence the normalized moment converges to
SE(K,Cr)* 20)!
lim < ( f)>2e:(1)z’
g—o0 2(p D 02
log(g|Z])
for n = 2¢, and to zero for n odd. Hence, we have obtained the moments of the standard Gaussian
distribution. ]

9. THE DISTRIBUTION OF ZEROES

We prove in this section that
Nz(Cr) — 2g|7]

Vv (2(p —1)/7?) log(g|Z])]

SE(K,Cy)
V(@2(p = 1)/7)log(g[Z])

Then, using Theorem 8.21, we get the result of Theorem 1.2 since convergence in mean square implies
convergence in distribution.

converges in mean square to

Lemma 9.1. Let F4 be any of the families under consideration. Assume that K = g/loglog(g|Z|), g — oo
and either |Z| is fized or |Z| — 0 while g|Z| — oco. Then
2
> — 0.
Fa

Nz(Cy) —2¢|Z] + S* (K, Cy)
V@(p —1)/7%) log(g[Z])

Proof. From equation (10), using the Beurling—Selberg polynomials and the explicit formula (Lemma 7.1),

we deduce that

2
< N2(Cy) — 20|T| + 57 (K, Cy) < §7(K, Cf) — ST (K, Cp) +

K+ 1~ K+1

and
20 < —Nz(Cy)+2¢|Z| — ST(K,Cy) < S™(K,Cy) — ST(K,Cy) + 279.
K+1~ ’ - ’ ’ K+1
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Using these two inequalities to bound the absolute value of the central term, we obtain

((N(Cp) —20[] + 5% (K. Cp)*)

< max { <K251)2 , <<S(K, Cy) — ST(K,Cy) + K2i1>2>]_.}

+ max {o, <(s—(K, Cy) — ST(K, Cf))2>fd + KLil (S7(K,Cy) - S*(K, Cf)>;d} :

Now Theorem 8.7 implies that
<Si(K7 Cf) - S+(K7 C’f)>_7:d = <Si(K7 Cf)>_7:d - <S+(K7 C’f)>_7:d = O(l)
For the remaining term we note that

<(Si(KaCf) - S+(Kacf))2>

= (57w C)), +((57w.Co)), ‘2< 2 S‘(K,f,wl>s+<f<,f,w2>> '
’ ¢ Ji,j2=1 7

By Corollary 8.14, this equals

2D 1oy giz)) + 0(1) - 22 D rog(glz)) + 0(1) = 0(1).
Therefore,
((Nz(Cy) = 20/T] + S5(K, Cp)*) = O ((KQiJ )
and )
< (Nzwf) — 2917] + S*(K, cf>> > o
vV (2(p — 1)/72) log(g|Z])
when g tends to infinity and K = g/ loglog(g|Z|). O
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