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The hyperbolic space

Beltrami's Half-space model:

H" = {(xla e ,CEn_]_,CUn) |'CU7, € R,z > 0}7

g 5> da?+ ...+ dz?
s = 2 ,
n

Y
n
xn

OH" = {(x1,...,2,-1,0)} Uoco.

Geodesics are given by vertical lines and semi-
circles whose endpoints lie in {z;,, = 0} and
intersect it orthogonally.




Orientation preserving isometries of H2

PSL(2,R) = {( CC" Z ) c M(2,R)

ad — bc = 1}/:I:I.

az + b
cz+d

z=x1+ 01 —

Orientation preserving isometries of H3 is PSL(2, C).

H3={z=x1—|—x2i—|—m3j|x3>0},

subspace of quaternions (i2 = j2 = k2 = —1,
ij = —ji = k).

z — (az+b)(cz+d)~ 1 = (az+b)(ZE+J)|cz+d|_2.

Poincaré: study of discrete groups of hyper-
bolic isometries.



Volumes in H3

Picard: fundamental domain for PSL(2,7Z[i])
in H3 has a finite volume.

Humbert extended this result.

LLobachevsky function:

0
() = —/O log |2 sin t|dt.

7(0) = 5 1m (Lip (27)),

where

. o= 2"
Lio(2) = > —, 12| < 1.
n=1"

Lin(2) = — /o 0g(1 — x)df.

(multivalued) analytic continuation to C\[1, co)
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Let A be an ideal tetrahedron (vertices in OH3).
Theorem 1 (Milnor, after Lobachevsky)

T he volume of an ideal tetrahedron with dihe-
dral angles «, 3, and ~ is given by

Vol(A) = a(a)+  n(B)+  n(y).

Move a vertex to oo and use baricentric sub-
division to get six simplices with three right
dihedral angles.



Triangle with angles «, 3, ~, defined up to
similarity.

Let A(z) be the tetrahedron determined up to

transformations by any of z,1 —1 -1,

If ideal vertices are z1, 20, 23, 24,

(23 — 22)(24 — 21)
(23 — 21)(za — 22)

2= |z1:20:23:24] =



Bloch-Wigner dilogarithm

D(z) =Im(Lix(z) + log |z|log(1 — z)).

Continuous in P1(C), real-analytic in P1(C) \
{0,1, cc0}.

D(2)=—D(1—2)=—D G) — _D(3).

Five-term relation:

D(2)+D(1—2y)+D(y)-+D (11 Y )+D ( L-w ) —o.

1 z 1—21 (1—2)"1
D) =5 (D (E) P (1 - 5—1> + D ((1 - 2)—1>> |

Vol(A(2)) = D(2).




Five points in dH3 = P1(C), then the sum of
the signed volumes of the five possible tetra-
hedra must be zero:

5 .
ST (=1)Vol([z1 i ... % ... 25]) = 0.
1=0

D(2)+D(1—2y)+D(y)+D (11 Y )+D ( L- ) —o.
Y 1—uazy



Dedekind (-function

F' number field

[F: Q] =n=r1+2r;
T1,...,Tr; F€al embeddings

o1,...,0r, @ Set of complex embeddings (one
for each pair of conjugate embeddings).

Dedekind (-function
1

Cr(s) = Z < Res > 1,
2ideal #0 N (1)
N = |Op/2| norm.
Euler product
1
=Ny

B prime



Theorem 2 (Dirichlet’s class number formula)
Cp(s) extends meromorphically to C with only
one simple pole at s =1 with

2" (27)2hpregp

lim (s — 1)¢p(s) =
s—1 wry/ |DF|

where
e hp IS the class number.
e wr IS the number of roots of unity in F'.
e Dr is the discriminant.

e regr IS the regulator.
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Regulator

{ui,...,up 4yr,—1} basis for OF modulo torsion
L(u;) 1=
(og |r1ul, ..., 109 |Trus], 2109 |o1u4l, . . ., 210G |07, —1u;)

regp is the determinant of the matrix.

= (up to a sign) the volume of fundamental
domain for L(O7).

Functional equation

Er(s) = Ep(1 — ),

er () = (ot ) m(2) T

472

: 1—pq— hpregp
lim s~ "7 "2 p(s) = — :
s—0 WE
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Euler:
(—1)m=1(2r)?mBy,

c(2m) = 2(2m)!

Klingen , Siegel:
F' is totally real (ro = 0),

(p(2m) = r(m) /| Dp|r?™" for m > 0.

where r(m) € Q.
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Building manifolds

Bianchi, Humbert :

F=Q (\/—_d> d > 1 square-free

[ a torsion-free subgroup of PSL (2,0,),
[PSL (2,0, : T < .

Then H3/I is an oriented hyperbolic three-
manifold.

Example: d =3, O3 = Z[w], w = —t1¥=3

Riley: [PSL(2,03) : T =12.
H3/I" diffeomorphic to S3\ Fig — 8.
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Theorem 3 (Essentially Humbert)

Vol <H3/PSL(2,(’)d)) D ng@( a2

D, — d d=3mod4,
a3 4d otherwise.

M hyperbolic 3-manifold

J
Vol(M) = > D(z;).
j=1
D /D,
So(v=) = dz D(z)).
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Example:

Vol(S3\ Fig — 8) = 123\/_<Qw—)(2)

21 LT
= 3D (eT) = 2D (e?) .

Zagier:
[F:Q] =r1+2,

[ group of units of an order in a quaternion
algebra B over F' that is ramified at all real
places such that

M = H3/I" has volume

|DF|
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[F: Q] =71+ 2rp, r2 > 1,
Zagier:
discrete subgroup ' of PSL(2,C)™ such that

M = (H3>r2/l‘ has volume

D
VIDrl o)

~Q 7'('2(Tl +7r2)

M = UA(zl) X ... X A(ZTQ)
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The Bloch group

J

Vol(M) = > D(z),
j=1

then

J 2
Z Zj/\(l—Zj):OG/\C*.
=1

2
/\C*z{az/\y |l e Axe =0, z1eo ANy=x1 ANy+xo Ay}

Vol(M) = D(&y), where &3, € A(Q), and
A(F) = {3 n4lz] € Z[F] \ > nizi A(1—z) =0}
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Let

c(r) = {[w]+[1—wy]+[y]+ Ll_‘jy] +[1‘5’3

T,y € Fyaoy # 1},

Bloch group is

B(F) = A(F)/C(F).
D : B(C) — R well-defined function,

Vol(M) = D(&,;) for some &7 € B(Q), inde-
pendently of the triangulation.

Then

Crp(2) = \/IDF|W2(”_1)D(§M) for ro = 1.
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The K-theory connection
R ring. Kg(R),K1(R) = R*, etc
Borel:

Kn(F) ® Q free abelian and

(

0 n > 2even,
dimo(Kn(F) ® Q) ={ r1 +72 n=1mod4,
(£9) n =3 mod4.

\

Let ng =r1+rp and n_ = .

19



The regulator map
redm, : Kopm—1(C) — R,
IS such that

Kom—1(F) — Koy 1(R)"'x Koy 1(C)2 — R

Ko,,—1(F)/torsion goes to a cocompact lattice
of R"+.

Covolume is a rational multiple of \/|Dp|(p(m) /mkn=.

m = 2, Bloch and Suslin: B(F) is "“essentially”
K3(F'), and D is the regulator.

K3(F) 1592 R"2
r|

Dooq,...,Dooy
B(F} ( 01y 02)
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Theorem 4 For a number field [F : Q] = r1 +
2ro,

e B(F) is finitely generated of rank r».

® £1,...& Q-basis of B(F)® Q. Then

Cr(2) ~q+ Dp|w2(rit72) det {D (UZ' <£~7>) }léi,jérz '
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Zagier’s conjecture
Generalize to values (gp(m).

k-polylogarithm

. = z"
Lig(z) = ) m z| < 1.
n=1
It has an analytic continuation to C\ [1, c0).
k—1 ~j
27 B. .
L (z) = Reyg (Z — log’ |Z||—ikj(z)) ,

Re;. = Re or Im depending on whether k is odd
or even, and Bj is the 5th Bernoulli number.

It is continuous in P1(C), real analytic in P1(C)\
{0,1, c0}.

Lr(2) = (-1)F 1y (é) :
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Generalized Bloch groups

Bi(F) = Ap(F)/Cp(F).

Ci(F) set of functional equations of the kth
polylogarithm and A.(F') is the set of allowed
elements.

Ap(F):={¢ € ZIF] | 14(€) € Cp_1(F) V¢ € Hom(F*, Z)}

where 14 (3- n;(z;]) = 2 nyd(xy) [z4].

Cr(F) :=1{§ € Ap(F) | L(o(§)) =0Vo € ZF}.
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Conjecture 5 Let F be a number field. Let
ny =711 +ry no = 71y, and F = (—=1)k-1,
T hen

o B(F) is finitely generated of rank n—.

e &1,...&n, Q-basis of BL(F) ® Q. Then

Cr(k) ~q+ v/ | Dp|7*" det {Ek (UZ' (gj))}lgi,jgnzp '
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Example

F=Q(5), r1 =21 =0.

{[1], [1+,/5]} € As(F), basis for Bs(F).

L3(1) L3(1)
o (542) o (o)

¢(3) ¢(3)

15¢(3) + 3VEL(3,x5) 15¢(3) — 23V5L(3, x5)

— —z—i\/§C(3)L(3,x5) = —z—i\/gCF(:%)-
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More K-theory

Expectation:

o Ko,,_1(F) and B, (F) should be isomor-
phic.

e [ he regulator map should be given by L.

de Jeu, Beilinson—Delignhe: there is a map

Kop—1(F) — Bm(F).

Goncharov: map is surjective for m = 3.
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Goncharov

Grk)  G(F) 2 6 _10F* 2 g, _on2F* 2

Gr(F) = Z[F]/C(F)

Ozl Q1 N... ANz =[z]xAx1 A... 2.

H(Gp(k)) ~ By(F).

Goncharov conjectures

H' (Gp(k) ® Q) ~ grlKop_;(F) ® Q.
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Volumes in higher dimensions

Orthoscheme in H": simplex bounded by hy-
perplanes Hq,..., Hy such that

HZJ_H] i —j] > 1

Theorem 6 (Schlifli's formula) R C H" is an
orthoscheme,

1 n
dVol,(R) = —— > _ Vol,_»(F;)da;.
n—1 i=1
where F; = RN H; 1N H;, oj is the angle at-
tached at F;, and Volg(F;) = 1.

Vol 2m-simplex ~~ Vol dimension 2m — 1 and
lower.

dimension 5: sum of trilogarithmic expressions
(Bohn, Miiller, Kellerhals, and Goncharov).
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Goncharov:;

M (2m—1)-dimensional hyperbolic manifold of
finite volume.

Theorem 7 There is a vy € Ko 1(Q) ® Q
such that

VoI(M) = regpm(vam)-

Conjecture 8 There is a &y € Bn(Q) @ Q*
such that

VOI(M ) = Lm(&nrr)-

Goncharov: true for dimension 5.
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