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-
Mahler measure of multivariable polynomials

P € C[x, ..., xF1], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /O log | P(e*™%, ..., e®™0")(d; . .. b,
1

dxq dx,
= —— log |P(x1,. .. — ...
(2rmi)n /Tn og[P(x1:-- Xn) X1 Xn
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-
The measures of a family of genus-one curves

1 1
m(k) ::m(x+—+y+—+k)
x y
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-
The measures of a family of genus-one curves

1 1
m(k) ::m(x+—+y+—+k)
X y
Boyd 1998
2 L'(Ek,0)
=,
Ex determined byx—i—%—i—y—f-}l,—i-k:O.

m (k) keN=£0,4
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-
The measures of a family of genus-one curves

1 1
m(k) ::m<x+—+y+—+k>
X y
Boyd 1998
2 L'(Ek,0)
=,
Ex determined byx—i—%—i—y—f-}l,—i-k:O.

m (k) keN=£0,4

Deninger 1997

L-functions < Beilinson’s conjectures

Kronecker-Eisenstein series for k = 1 —
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Rodriguez-Villegas 1997
k = 4y/2 (CM case)
m<4\/§)=m x+l+y+l+4\/§ =L'(E, 5,0)
X y 4/2)
k = 3v/2 (modular curve Xo(24))
m(3\/§):m x-|-1+y-|-1+3\/§ = gL/(E, ,0)
” y 3v2

?

. 2 o
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Theorem

(Rodriguez-Villegas ) Ex ~ modular elliptic surface assoc I'g(4)

16y, m)
m(k) = ( HZ m+n4u m+n4u))

=Re | —mip+2) ZX_4(d)d2q—:

n=1 d|n

- 16 oF1 (3,3:11,1-38)

and y,, is the imaginary part of p.
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Theorem
(Rogers, and also Kurokawa & Ochiai 2005)
For h € R*,
m(4h?) +m (i> =2m (2 (h + 1)) .
h? h
(Rogers)

For |h| <1, h # 0,

oooD) n o 2)-n(2).
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Theorem
(Rogers, and also Kurokawa & Ochiai 2005)
For h € R*,
m(4h?) +m (i> =2m <2 (h + 1>) .
h? h
(Rogers)

For |h| <1, h # 0,
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Corollary

m(8) = 4m(2) = gm(?:\/i)

T\
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Corollary

m(8) = 4m(2) = gm(?:\/i)

Matilde N. Lalin (UBC,PIMS, SFU)

m (3\/5) — gL/(E; 5, 0)

72 5
* -
q € Q ) q9=3
2
\
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Philosophy of Beilinson's conjectures

Global information from local information through L-functions

@ Arithmetic-geometric object X (for instance, X = O, F a number
field)

e L-function (Lr = (F)
e Finitely-generated abelian group K (K = O%)
@ Regulator map reg : K — R (reg = log| - |)

(Krank1)  L(0) ~o- reg(€)

(Dirichlet class number formula, for F real quadratic,

Cr(0) ~q-~ logle|, e € OF) —

T\
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-
The elliptic regulator

F field. Matsumoto Theorem:
Ko(F) = ({a, b},a, b € F) / (bilinear, {a,1 — a})

K>(E) ® Q subgroup of K>(Q(E)) ® Q determined by kernels of tame
symbols.

T\
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-
The elliptic regulator

F field. Matsumoto Theorem:
Ko(F) = ({a, b},a, b € F) / (bilinear, {a,1 — a})

K>(E) ® Q subgroup of K>(Q(E)) ® Q determined by kernels of tame

symbols.
x,y € C(E)
n(x,y) = log|x|dargy — log|y|d arg x

1-form on E(C)\ S
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-
The elliptic regulator

F field. Matsumoto Theorem:
Ko(F) = ({a, b},a,b € F) / (bilinear,{a,1 — a})

K>(E) ® Q subgroup of K>(Q(E)) ® Q determined by kernels of tame
symbols.
x,y € C(E)
n(x,y) :=log|x|dargy — log|y|d arg x
1-form on E(C)\ S
for any loop v € E(C) \ S

1
(v, n(x,y)) = 27T[yn(x,y) -

T\
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The regulator map (Beilinson, Bloch):

r: Ky(E)® Q — HY(E,R)

{x,y} — {7 - Ln(x,y)}

for v € Hi(E,Z). (H*(E,R) dual of Hi(E,Z))
Follows from 7n(x,1 — x) = dD(x),

D(x) = Im(Lix(x)) + arg(1 — x) log |x|
is the Bloch-Wigner dilogarithm

T\
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E—
The relation with Mahler measures

Deninger )
m(k) ~z o-r({x. Y1)

In the example,

YPe(x,y) = (v — y) GOy — y2) (%)),

1 dx
m(k) = 5 [ (108" oy ()] + log” () -
By Jensen's formula respect to y.

1 dx 1
k = — | _— = ——
m(k) = /T1 ogly| . 27 s n(x,y),

T! € Hi(E, 7Z). ;-li
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Computing the regulator

E(C)=C/Z + 12 =C*/q"

z mod A = Z + 77 is identified with 272,
Bloch regulator function

R. <e27ri(a+b7-)> _ )f z/: (
€z

)

e2mi(bn—am)

mT + n)%(mT + n)

¥r is the imaginary part of 7.
Elliptic dilogarithm
D-(z) = D(zq")
neZ

Regulator function given by

R, =D, —il; T\

Matilde N. Lalin (UBC,PIMS, SFU) Equations for Mahler measures of genus-one ¢ October 5th, 2006 12 /28



ZIE(C)]” =Z[E(C)]/ ~ [-P]~ —[P]
R, is an odd function,
ZIE(C)]” — C.

()= mia). ()= m(by).

C(E)* ® C(E)* — Z[E(C)]~
(x)o(y) =D minj(a; - by).

T\
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Theorem

(Beilinson) E /R elliptic curve, x,y non-constant functions in C(E),
we Ql

/ o AN(x,y) = QoR:((x) ¢ (¥))
E(C)

1\
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Theorem

(Beilinson) E /R elliptic curve, x,y non-constant functions in C(E),
we Ql

/ o AN(x,y) = QoR:((x) ¢ (¥))
E(C)

Corollary

(after an idea of Deninger) x,y are non-constant functions in C(E) with
trivial tame symbols

oy} = - / ) =1 (SR ()0 ()

where g is the real period and €2 = fv w.

1\
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]
Idea of Proof

1 1
x+—-—+y+—-—+k=0
X y
Weierstrass form:

L kx -2y kX +2Y
TaX(x—1) YT aX(x—1)

k2
Y2:X<X2+ (T—z)XH).
P = (1,%), torsion point of order 4.

(x)o(y) = 4(P) —4(—P) =8(P). =
T\
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PE—% mod Z + 77 keR

T =1y, k € R,|k| > 4,
1

r:§+in k e R, |kl <4

Understand cycle [|x| = 1] € H1(E,Z)

Q=700 keR

T\
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~rloyb == [atxy) =t (R (o 00)
m(k) = %Im (leRT(—i)) . keR

T\
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Modularity for the regulator

Let ( 3 g ) € SL5(Z) and let 7/ = 2742, such that

(§:>:(—55 j)@)

R <e2ﬂi(a’+b'7")) _ 1 R. (e2wi(a+br)) ‘

T 46

Then:

T\
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Matilde N. Lalin (UBC,PIMS, SFU)

4 2 i
(=" (%)
(k) = ——— Jay, (c24)

Ty, 4 \®

w
16y, ! X—4 (m)

2 2 o
72 = (m+ n4p)>(m+ nji)

)

Equations for Mahler measures of genus-one ¢

)
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Functional equations for the regulator

From

Let p prime,

27i(T+)) .
(1+ x—4(p)p )J47' 2mT ZPJ4 7'+J ( P ) + x—4(p)Japr (ezm’”)

T\
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Functional equations for the regulator

From

Let p prime,

27i(T+)) .
(1+ x—4(p)p )J47' 2mT ZPJ4 7'+J ( P ) + x—4(p)Japr (ezm’”)

@ In particular, p =2,

Jur (e2wi7—) =20, (eTl'iT) + 2J2(T+1) (ewi(T—l-l))

o Also: =

Sigs () = e () = (™) |
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Jay (ezﬂ-i‘u) =2y, (e”i“) + 2J2(#+1) (e%)

1 ; 1 : 1 .
iy 2mip = Tip = _ amip
o e (5T = oy () 4 o (™)

T\
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Jay (627ri‘u) =2y, (e”i/‘) + 2J2(#+1) (e%)

1 - 1 - 1 :
iy 2mip = ip = _ amip
o e (5T = oy () 4 o (™)

(16 _ 2F1(3,5:1,1-3)
q_q(k2>_exp< " 2F1(3,3:1,28)

Second degree modular equation, |h| < 1, h € R,

() )=o)
W) () =
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Then the equation with J becomes

(o(5) ) o (o((25)) o
o) nlor ) -n(2).
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) = () — (")

JM (e
2
SetT:—i and use < ) g)

2mip
2
1

1 2mi(pu+1)
D.1(—i) = D (—i) — J R >
() = Dr() = o i)
First equation was:
2mi(pu+1)
D:—i(—i) = D (—i) + J e 2
()= D)+ iy ()

Putting things together,

2D,(~i) = Dy (~i) + Dzs ()

2m (2 (h+%>) =m(4h2)+m(%). ;-li
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Hecke operators approach

m(k) =Re | —mip+2Y Y X_4(d)d2q7
n=1 d|n

= Re (-m — i /i:;(e(z) - 1)dz>

() =1-43 3\ a(d)d?q"

n=1 d|n

where

is an Eisenstein series. Hence the equations can be also deduced from
identities of Hecke operators. —
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.
Direct approach

Also some equations can be proved directly using isogenies:

¢1:E2(h+%)_>E4h27 ¢2:E2(h+%)_>Ehi2'

b (Xy) (XUPX AL _RY (X4 20X 4 1)
: ) - s
1 X+h2 (X_I_h2)2

%) =n ({x :L X1, Y1
m ) =nbund) =50 [ )

1

~ an X|=1 n(xior,y10¢1) = %f({xl °$1,y10¢1})

T\

Matilde N. Lalin (UBC,PIMS, SFU) Equations for Mahler measures of genus-one ¢ October 5th, 2006 25 /28



-
The identity with h = 2

S

2

m(2) + m(8) = 2m (3v2)
m (3\/5) +m (1\/§> = m(8)

T\
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-
The identity with h = 2

S

2

m(2) + m(8) = 2m (3v2)
m (3\/5) +m (1\/§> = m(8)

f = Y2X-X in C(E, s5).

(f)o(1—1F)=6(P)—10(P + Q) = 6(P) ~ 10(P + Q).
Q= (—%,0) has order 2.

¢:E3p— Eyz (X,Y) = (=X,iY)

Rs(6y)) = rs({x 0 6,y 0 6}) ;'li
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But
(xo¢)o(yoo)=8(P+Q)
(x) o (y) =8(P)
632 ({x,¥}) = 101, 5({x, y})
and

3m(3v2) = 5m(iv2).
Consequently,

m(8) = gm(3\/§)

m(2) = gm(3\/§)
_—

T\
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]
Other families

@ Hesse family

h(a3):m<x3+y3+1—3:y>

(studied by Rodriguez-Villegas 1997)

-\ 3
h(u®) = Z h{1l- (1—{{4]) |u| small

2
e 1+ 2§J3u

@ More complicated equations for examples studied by Stienstra 2005:

Xy
m((x+ 1)y +D)x+y) = L)
and Bertin 2004, Zagier < 2005, and Stienstra 2005:
| o
Xy
m<(x+y+1)(x+1)()’—|-1)—7) T\
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