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Mahler measure of several variable polynomials

P e C[xt, ..., xF1], the logarithmic) Mahler measure is :
n

1 1
m(P) = /0 /0 log |P(eX™1 . e2™0)|dg; ... d6,
1

dxq dx,
= — log |P ... — .. .
(2ri)" /T o8 [POa, - xa)l S = 2




Mahler measure of several variable polynomials

P c C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 Iog]P(ezmel,...,e27“9")|d¢91_,_den
1

dxg dx,
= log |P ... — .. .
(2mi)n /Tn og [P, x| X1 Xn

By Jensen's formula,

m (a H(X - a;)) = log|al + Z log max{1, |aj|}.




Examples in several variables

Smyth (1981)

3V3
m(l+x+y)= ;/_

™

L(X—31 2) = L/(X—37 _1)

m(l—l—x—l—y—l—z):%g(@



The measures of a family of genus-one curves

1 1
m(k)::m(x—i—;—ky—i—}—/—i—k)



The measures of a family of genus-one curves

1 1
m(k) :—m<x—|——|—y+—i—k>
X y
Boyd (1998)
m(k) < scl/(E,0)  keN#0,4 s eQ*
Ey elliptic curve, projective closure of
1 1
xX+—-—+y+—-—+k=0.
X y

elliptic modular surface associated to Ig(4).



Deninger (1997)
L-functions < Bloch-Beilinson's conjectures



Deninger (1997)
L-functions < Bloch-Beilinson's conjectures

Rodriguez-Villegas (1997)
k =42

m<4ﬁ) :m<x+i+y+i+4\@> = L'(E, 3,0)

k =3v2
m(3\f2) <x+1+y+)1/+3\f> 2 L'(E;5,0)



Kurokawa & Ochiai (2005)
For h € R*,

m(4h*) + m (

L. & Rogers (2007)
For |h| <1, h #0,

(oo 3)) em(e(o- ) ol

4

h

2

)-(e(o-3))



|dentities conjectured by Boyd

o L. & Rogers (2007)

wm=4m@w=%m&ﬁy=ux%ﬁm»

« L. (2008)
m(5) = 6m(1)



Regulators and Mahler measures

1

m(k) = ——
W="a Ti={|x|=1}C{P=0}

n(x,y),

n(x,y) := log |x|diargy — log|y|diarg x



Regulator map (Beilinson, Bloch):

r: Kxy(E) @ Q — HY(E,R)

.y} — {7—>/7?7(X’y)}

for v € Hi(E,Z).
Matsumoto Theorem:

Ko(F) = ({a,b},a, b e F*) /(bilinear, {a,1 — a})

(F field)
Need integrality conditions, trivial tame symbols...



Computing the regulator

- / n(x.y) = De ((x) > (¥))

Dg is the elliptic dilogarithm.

)= mia), ()= n(b).

C(E)" @ C(E)" — Z[E(C)]”

(x)o(y) =Y _ minj(a — by).
ZIE(C)]” =Z[E(C)]/ ~  [-P] ~ —I[P].



k2
Ek:Y2:X(X2+<4—2>X+1>,

L kx-2y kX +2Y
TaX(x—1) YT axX(X—1)

Ex(Q(K))tor 2 Z/4Z. P = (1,%).

(x) o (y) = 8(P).



Proof of the functional equations

m(4h?) +m (:2> =2m <2 <h+ l17>> .

¢1:E2(h+%)_’E4h27 ¢2:E2(h+%)—>E4.

h2

3 2 2
¢1%XA0_9<WMX+1)_hYQ<+2hX+U>

X+h2 (X + h?)?

m(4h%) = r ({x1,y1}) = %f({xl o ¢1,y10P1})



(Xl o d)l) <& ()/1 o ¢1) = 16(P) — 16(P + Q),

(X2 o d)Q) <o (y2 o gbz) = 16(P) + 16(P + Q)
Where Q = (—h—12,0) is a point of order 2.

1 1
§f({X1 o¢r,y10¢1}) + §f({X2 °¢2,y20¢2}) =2r ({x0,¥0}),

and therefore

n ({x,01}) + r2 ({x2, y21) = 2r ({x0, y0}) -



oo D) n o 3)-n(2).
¢:E2(h+%)4)E2(ih+ﬁ)’ (X,Y) = (=X,1Y),

r2(ih+#)({xay}) = fz(h+%)({x o¢,yod}).

(xo@)o(yoo)=8(P+ Q).



Proof of the identities

h= % in both equations,
m(2) +m(8) = 2m (3v2)
m (3\f2> +m (1\@) =m(8).

N

m(1)+ m(16) =2m(5).
m(5) + m(—3i) = m(16).

Need additional relations!

(Between (P) and (P + Q))



Y 1 1
(f) = (2P) +2(P + Q) — 30.

(1-f)=(P)+(A)+(B) - 30,

A_<—3+\/9—16h2 7h 3 <h 1>\/9—16h2>
- > 2 \"h) T2 )

B=A°



Sl

A=3P+Q, B=Q,
(Fo(l—f)=6(P)—10(P+ Q) ~0

N[

2A=2B=P, B-A=2P, A+B=—P.

(flo(1—F) =2(Q+A)+2(Q+B)—6(P+Q)+4(P)+2(A)+2(B).



VB —1 3445
— Yy X +4
£ 0 VTt X+

(&) =(Q)+(A)+(-Q-A)-30
(1-g)=(-P)+2(B)-30

(g)o(1-g) = 3(Q+P)-2(Q+B)=3(A) +4(Q+A)—-3(P)+5(B).

(g7)o(1-87) = 3(Q+P)-2(Q+A)=3(B)+4(Q+B)—3(P)+5(A).

(F)o(1=F)—(g)o(1—-g)—(g7)o(1-g") = —12(Q+P)+10(P) ~ 0



Finally,

1 1 1 1
m<x++y—|—+8) :4m(x++y++2>
X y X y

1 1 1 1
m<x—|—+y++5>:6m<x++y++1>
X y X y



