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N —
Zeta functions of curves over finite fields

Let C be a smooth and projective curve of genus g over Fg. Let
oo Tn
Z T — Nn - 9 T 1 9
c(T) exp'; (O)— ITI<1/q
Na(C) = |C(E).

Weil conjectures
Pc(T)

Zc(T) = A=T)i-qT) (Rationality)
Pc(T) € Z[T], degPc = 2g,
and
2g
Pc(T) = H(l — Tajc), lajcl=+/q. (Riemann Hypothesis)
j=1
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N
Counting points and the zeros of Z¢(T)

2e Taojc)

- n 5 (1 —
Zc(T) =exp <Z_:1 Nn(C)TT> = 1(_{1:1(7-)(1 — qT) )

Taking logarithms on both sides,

2g
M(C) = q+1- ajc
j=1

= q+1— Tr(Frobc).
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|
Zeta functions of curves and Random Matrix theory

Zeta functions of curves over finite fields, the zeros are the reciprocal of
eigenvalues of Frobenius acting on the first cohomology (with ¢-adic
coefficients) of the curve.

Katz and Sarnak (1999) used this spectral interpretation to prove that the
zeros of zeta functions of curves in various families were distributed as
eigenvalues of random matrices in the monodromy group associated to the
family as g tends to oco.
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]
Hyperelliptic curves

Cr:Y?=F(X)
F(X) is a square-free polynomial of degree d > 3.

d—1
This is a curve of genus g = [T] .

We want to study the variation of

2g
Tr(Frobe, ) = ZO%CF
i=1

as Cr varies over the family of hyperelliptic curves where F(X) has degree
2g +1or2g+2.
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|
Distribution of Tr(Frob¢) for g — oo

Writing o ¢ = \/q 2%,

2g
Pe(T) = [[(1 -~ T/ae* ) = det (1 - T/g.)
i=1
where O¢ is a unitary symplectic matrix in USp(2g) (defined up to
conjugation) with eigenvalues e>™%.c.

When g is fixed and g — oo, Katz and Sarnak showed that the roots 6; ¢
are distributed as the eigenvalues of matrices in USp(2g).

Then, Tr(Frobc)/,/q is distributed as the trace of a random matrix in
USp(2g) of 2g x 2g as g — .
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]
Hyperelliptic Curves

By counting the number of points of Y? = F(X) over P}(F,), we can
write

N (Cr)=q+1-Tr(Frobe,) = > [1+ x2(F(x))] + Noo(Cr)

x€Fq

where > is the quadratic character of F}, and

1 degfF odd,
Noo(Cr) = 2 degF even, leading coeff of F € F2,
0 degF even, leading coeff of F & IF%I.

is the number of points at infinity.
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]
Hyperelliptic Curves

—Tr(Frobe,) = > x2(F(x) + (Noo(CF) = 1) = Y x2(F(x)).

xEFq x€PY(Fq)
One can study the variation of
S2(F) = x2(F(x)
x€lFq

over the family of hyperelliptic curves and translate it into a variation for
Tr(Frobc,).

This amounts to evaluate the probability that a random square-free
polynomial F(x) of degree d takes a prescribed set of values
F(x1) = a1,..., F(xq+1) = ag+1 for the distinct elements of P1(Fy).
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N
Distribution of Tr(Frobc,) for d — oo

When gq is fixed and d — oo, Kurlberg and Rudnick showed that S,(F) is
distributed as a sum of g independent identically distributed (i.i.d.)
trinomial variables {X;}7_; taking values 0,£1 with probabilities
1/(g+1), 1/2(1 +q71) and 1/2(1 + g~ 1) respectively.

Theorem (Kurlberg and Rudnick)

Jim Prob(Sy(F) =s) = d'LmooH dm’z( ) = s}

= Prob(Xi+---+X;=5).
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Distribution of Tr(Frob¢,) for g — oo

This result may be formulated directly in terms of the genus g.
Theorem

The distribution of the trace of the Frobenius endomorphism associated to

C as C ranges over the moduli space Hg of hyperelliptic curves of genus g
defined over Iy, with q fixed and g — oo, is that of the sum of
X]_, e ,Xq+1.'

g+1
{C € Hg : Tr(Frobc) = — Prob (

at SX = s> (14 0 (qta2-203
g
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Theorem

For any positive integer k, let Mi(q, g) be the moments
1 Z/ <Tr(Frobc))k
— A Slhied VA I

Let Xi,...,Xq41 be as before. Then,

q+1 k

1 —3
Mi(q.8) = E <—mZX) 10 (qre2).
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By comparing moments of the previous distributions,

Theorem (Kurlberg and Rudnick)
When q, g tend to infinity, the limiting distribution of the normalized trace

Tr(Frobc)/v/q+1

is a standard Gaussian with mean zero and variance one.
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S
Main step in the proof

Proposition (Kurlberg and Rudnick)

Let x1,...,xe+m € Fq be distinct elements, let a1, ..., as € Fy, and let
agy1 = -+ = agrm = 0. Let Fy4 be the set of monic square-free

polynomials of degree d. Then

q> -1 q> -1

\{Fefd:F(Xi):a;,1§i§m+e}|:(q_l)m( q )e

| Fdl
% <1 L0 <q(3m+2z—d)/2>> .
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Heuristic

In Fy4, replace square-free condition with no double root in [F; condition.
F monic, deg F = d such that (X —x;)? JF 1<i</{+m.

Chinese Remainder Theorem:

#{monic polynomials of degree d} x (1 — g—2) for each condition,

= q9(1 — ¢g2)*"™ polynomials.

ai,...,ar € Fgand apy1,...,a1m = 0, count polynomials as before such
that F(x;) = a;.

i>04+1: F(X)=0mod (X—x;): g—1 of g°—1 residues # 0 mod (X—x;)?

i<l:F(X)=a mod (X —x):qof g>—1 residues # 0mod (X — x;)?
Statistics for points on families of curves February 25, 2010
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[{F € Fq[X] : deg F = d, F monic, (X — x;)?t F, F(x;) = a; }|
{F € Fq[X] : deg F = d, F monic, (X — x;)? { F}|

“(65) (6n)

The square-free condition cuts uniformly across these sets, and being
square-free is an event independent of imposing values at a finite number
of points.

The error term occurs because if one interprets the square-free condition
as a collection of conditions indexed by irreducible polynomials, these
individual conditions are only jointly independent in small numbers.
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S
Cyclic Trigonal Curves

Let g =1 (mod 3). Consider the family of curves
Cr: Y3=F(X)

where F(X) € Fy[X] is cube-free of degree d.
We write

F(X) = aF(X)F(X)
where F; and F, are monic square-free polynomials of degree di and d»
respectively, (F1, F2) = 1.
Then, d = di + 2d>, and the genus is

di+dr—2 ifd=d1+2d>=0 (mod 3),

g:
di+dr—1 ifd=di+2d»#0 (mod 3).
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Moduli Space of Cyclic Trigonal Curves

The moduli space Hg 3 of cyclic trigonal curves of genus g parametrizes
the cyclic trigonal curves of genus g up to isomorphism.

It splits into irreducible components H(%:%) for pairs (dy, d») such that

di,d
Hes = U H(d2),
d14+2d>,=0 (mod 3),
g=d1+d>—2
The union is disjoint.
Statistics for points on families of curves
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S
Cyclic Trigonal Curves

By counting the number of points of Cg : Y3 = F(X) over P1(F,), we can
write

g+ 1— Tr(Frobc |H>1<3) — Tr(Frob¢ |H>173)
= > [1+xa(F(x)) + xa(F())] + Noo( Cr)
x€Fq

X3 is the cubic character of I given by
x3(x) = x(a=1)/3 (mod q)
taking values in {1,w,w2} where w is a third root of unity, and

1 degF #0 (mod 3),

0 degF =0 (mod3) lead coeff F ¢ F3,

1 degF =0 (mod3) lead coeffF €F; g=-1 (mod 3),
3 degF =0 (mod3) lead coeff F € ]F% g=1 (mod 3).

Noo(Cr) =
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Cyclic Trigonal Curves

Then we study the variation of

TFrobeli) = 3D alFG))
x€PL(Fq)

where F runs over a family of irreducible components of the moduli space
of cyclic trigonal curves of genus g with the property that g — oo.
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Trace on cyclic trigonal curves

Theorem (BDFL)

If q is fixed and di, d» — oo, the distribution of the trace of the Frobenius
endomorphism associated to C as C ranges over H{9®) s that of the
sum of g+ 1 i.i.d. random variables X1, ..., Xq4+1, where each X; takes the
value O with probability 2/(q + 2) and 1,w,w? each with probability
q/(3(q + 2)). More precisely, for any s € Z|w] C C with |s| < g+ 1, we
have for any 1 > ¢ > 0,

HC e H(@:%) : Tr(Frobe |1 ) = —s}’l g+1
X
‘H(dl,dZ)‘/ . = PrOb (; X[ = 5)

% (1 +0 (q—(l—a)d2+q + q—(d1—3q)/2)> ‘
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—
When q, dl, d2 — OO

Theorem (BDFL)
For any positive integers j and k, let M; (q,(dy, d2)) be the moments

1 Z/ — Tr(Frob¢ |H>1<3) i — Tr(Frobc |H%3) g
|H)|’ Va+1 Va+1 '

CEH(dl 1da)

Let € and X1, ..., Xq41 be as before. Then

e, J AL,
M; «(q,(d1,d>)) = E —_— X; —_— X;
wowa=2((580) (A )

x (1 L0 <q—(1—a)dz+a(j+k) i q—d1/2+j+k)> .
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S
When g, dy,dr, — o

Corollary (BDFL)

When q, d1, d» tend to infinity, the limiting distribution of the normalized

trace
Tr(Frobe |H)1(3)/\/ qg+1

is a complex Gaussian with mean zero and variance one.
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Main step in the proof

Fldd) =1F = F1F3 : Fi, F> monic, square-free and coprime,
deg F; = di,deg Fr = db}

Proposition

Let 0 < ¢ < q, let x1,...,x; be distinct elements of F, and
ai,...,ar € Fy. Then for any 1 >e >0, we have

Kqditdz < q >f
(q(2)? \(g¢+2)(¢g—1)
% (1 L0 <q—(1—a)d2+aZ i q—d1/2+£>>

o It

P monic irreducible
V.
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‘{F S f(d17d2) : F(X,') =a,1<i< K}‘ =




We prove

di—4
qh

HF € Flana) @ F(xi)=ai, 1<i< 5}‘ = C(2)(1=q 2 degEF::dz b(F)

L0 (g9,

where for any polynomial F,

b(F) = {gZ(F)HPIF(l PP Fla) #0.1<i<t
otherwise.
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To evaluate )y, g, b(F), we consider the Dirichlet series

EGE 1P
=29 = 1l (4 7 11

P(x;)#0,1<i<¢

 Gyls) 1 -
B qu(25) H(s) (1 T 1)) ’

where

1
Hs) =11 (1 NEEGE 1)) '

P

and apply a function field version of the Wiener-lkehara Tauberian
Theorem, we get that

K +1\° i
> b(F)= 0 (q+2> g% + O(q°1=*Y).
deg F=d> q q
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General result for p-fold covers of P*(F,).

YP = F(X)
Theorem (BDFL)
Let Xi,...,Xq41 be complex i.i.d. random variables taking the value 0

with probability (p — 1)/(g + p — 1) and each of the p-th roots of unity in
C with probability q/(p(q+ p —1)). As d1,...,dp—1 — o0,

HC € H(99-1) : Tr(Frobe |1 ) = _5}" q+1
Xp _ P
’H(dl,l..,dp_l)" = Prob <; Xi = s)

for any s € C,

s|<g+1land0>e>1.

v
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Theorem (BDFL)

Asq,dy,...,dp_1 — 00,

Tr(Frobc ‘H)lcp)/\/ qg+1

has a complex Gaussian distribution with mean 0 and variance 1 as C
varies in H(dl""’dpfl)(lﬁ‘q).
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General smooth curves

F(X,Y,Z)=0
non-singular of degree d.
Theorem (BDFL)
Let Xy,...,Xp1q41 be q%> +q+1 iid. random variables taking the value

1 with probability (q +1)/(q*> + q + 1) and the value 0 with probability
q°/(q?> +q+1). Then, for0<t<g?>+q+1,

FeSy:#C(Fq) =t
#1{ d#z;sF( ) }:Prob(X1+"‘+Xq2+q+1:t)

x <1 +0 <q’-‘ (d—1/3 +(d—-1)%q min([3]+15) 4 dq‘WJ‘l)>) ;

v

The proof uses a sieving process by Poonen.
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N —
Heuristic

Look at the chances that [0:0: 1] € Cr f(x,y) = F(X,Y,1)
f(x,y) = a0,0 + aox + a1y +....

(20,0, 21,0, 30,1) # (0,0,0), (Cr smooth)
We need agg =0 for [0:0:1] € Cr.

> -1 g+l

P#-1 ¢P+q+1

Assuming each point imposes an independent condition, the probability
that X = 1 (respectively X = 0) is the probability that a point P € P?(F,)
belongs (respectively does not belong) to a smooth curve F(X,Y,Z) =0.

Prob([0:0:1] € C¢) =
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Theorem

Let k be a positive integer, and let

p
Mi(q, d) = 1 ) (#CF(Fq)_(q+1)) .

S NCES
734" Fegne q
Then,
1 ¢*+q+1 k
Mi(q,d)=E | [ ——=| Y. Xi—(a+1)
a+1\ 5

» (1 L0 (qmin(k,q2+q+1) (qkd1/3 (d—1)q min([gJﬂ,g) +dgt

v
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Corollary

When q and d tend to infinity and d > q'*¢,

#Cr(Fq) — (g +1)
Va+1

— N(0,1).
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