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Optimization in data analysis

Fitting geodesic data by the method of least deviations:

R. J. Boscovich, De literaria expeditione per pontificiam ditionem et

synopsis... Bononiensi Scientiarum et Artum Inst. atque Acad. Com-

ment., 1757.

Fitting astronomical data by the method of least squares:

A. M. Legendre, Nouvelles Méthodes pour la Détermination de

l’Orbite des Comètes. Courcier, Paris, 1805.

The gradient method was invented to deal with for astronomical

data processing:

A. Cauchy, Méthode générale pour la résolution des systèmes

d’équations simmultanées, C. R. Acad. Sci. Paris, 1847.
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Some formulations arising in data analysis
Standard finite-dimensional linear model: Observation z = Xb +

σe = (ζi)16i6n ∈ R
n, unknown b = (βj)16j6p ∈ R

p

Belloni et al.’s square-root lasso (2011):

minimize
b∈R

p
‖Xb − z‖2 + α‖b‖1

Sun and Zhang’s scaled lasso (2012):

minimize
b∈R

p, σ>0

1

2n

‖Xb − z‖2
2

σ
+
σ

2
+ α‖b‖1

Lederer&Müller TREX estimator (2015):

minimize
b∈R

p

‖Xb − z‖2
2

‖X⊤(Xb − z)‖∞
+ α‖b‖1

Owen’s penalized concomitant M-estimators (2007):

minimize
b,σ,τ

nσ+σ
n∑

i=1

Huber

(
ζi − 〈b | xi〉

σ

)
+pτ+τ

p∑

j=1

Berhu

(
βj

τ

)
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Some formulations arising in data analysis

Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

∫

RN

‖∇x(t)‖2
2

x(t)
dt
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Some formulations arising in data analysis

Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

∫

RN

‖∇x(t)‖2
2

x(t)
dt

A strengthened form of the central limit theorem (Lions and
Toscani, 1995) involving functionals of x > 0 of the form

∫

R

∣∣x(t)
∣∣(1−p)∣∣x (k)(t)

∣∣pdt , with p > 1
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Some formulations arising in data analysis

Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

∫

RN

‖∇x(t)‖2
2

x(t)
dt

A strengthened form of the central limit theorem (Lions and
Toscani, 1995) involving functionals of x > 0 of the form

∫

R

∣∣x(t)
∣∣(1−p)∣∣x (k)(t)

∣∣pdt , with p > 1

Rey’s “fair” function (1983) in robust statistics:

f (y , η) =






|y |+ η ln η − η ln
(
η + |y |

)
, if η > 0;

|y |, if η = 0;

+∞, otherwise.
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Some formulations arising in data analysis

Minimization roblems involving various notions of divergence be-

tween x > 0 and y > 0:

pth order Hellinger:

∫

RN

∣∣x(t)1/p − y(t)1/p
∣∣pdt

Kullback-Leibler:

∫

RN

x(t) ln

(
x(t)

y(t)

)
dt

Rényi:

∫

RN

x(t)αy(t)1−αdt

Pearson:

∫

RN

|x(t)− y(t)|2

y(t)
dt
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∫

RN

|x(t)− y(t)|2

y(t)
dt

The heteroscedastic M-estimation model (PLC & Müller, 2020)

minimize
s∈R

N , t∈R
P, b∈R

p
ς(s)+̟(t)+θ(b)+

N∑

i=1

σiϕi

(
Xib − yi

σi

)
+

P∑

i=1

τiψi

(
Lib

τi

)
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What is the common structure underlying these formulations?
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(
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(
Lib
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What is the common structure underlying these formulations?

Is there some underlying convexity?
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A few words on nonconvex minimization

1. Nonconvex optimization is
an unstructured corpus of re-
sults, not a constructive theory
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A few words on nonconvex minimization

1. Nonconvex optimization is
an unstructured corpus of re-
sults, not a constructive theory

2. Moving permanently away
from solutions in descent meth-
ods:

Hb

solutiondescent directions

bb b b

3. Loose connections with
other branches of nonlinear
analysis

4. Algorithms may yield trivial
solutions:

Let f : H → {0, . . . ,p} be l.s.c.
(e.g., rank etc.), let C 6= Ø.
Then any point in C is a local
minimizer of:

minimize
x∈C

f (x)

J.-B. Hiriart-Urruty, When only

global optimization matters, J.

Global Optim., vol. 56, pp. 761–

763, 2013
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A few facts from convex analysis

H: a real Hilbert space

ϕ ∈ Γ0(H): ϕ : H → ]−∞,+∞] is lower semicontinuous, convex,
and domϕ =

{
x ∈ H | ϕ(x) < +∞

}
6= Ø

graϕ

graϕx,x∗

gra〈· | x∗〉

x

ϕ(x)

R

H

ϕ
∗(x∗)
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{
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︸ ︷︷ ︸
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H

ϕ
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Fermat’s rule:

x minimizes ϕ⇔ 0 ∈ ∂ϕ(x)
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Convex functions: Subdifferentiability

H

R

|
−1

− −1

|
1

× H

H

×

− −2

− 1

|

1

Left: Graph of a function ϕ defined on H = R.
Right: Graph of its subdifferential ∂ϕ.
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Perspective functions: Definition

H, G real Hilbert spaces

ϕ ∈ Γ0(G)

recϕ is the recession function of ϕ:

(∀y ∈ G) (recϕ)(y) = sup
x∈domϕ

(
ϕ(x + y)− ϕ(x)

)

Perspective function of ϕ:

ϕ̃ : G × R → ]−∞,+∞] : (y , η) 7→





ηϕ(y/η), if η > 0;

(recϕ)(y), if η = 0;

+∞, if η < 0.
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Perspective functions: Example

(y,η)

yη

Figure: Perspective of ϕ = | · |2 + 1/2.
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Perspective functions: Example

(y,η)

y
η

Figure: Perspective of ϕ = h1 + 1/2, where h1 is the Huber
function.
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Perspective functions: Properties

Let ϕ ∈ Γ0(G). Then:

ϕ̃ ∈ Γ0(G × R)
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Perspective functions: Properties

Let ϕ ∈ Γ0(G). Then:

ϕ̃ ∈ Γ0(G × R)

Let C =
{
(u, µ) ∈ G × R | µ+ ϕ∗(u) 6 0

}
. Then

ϕ̃ = σC and (ϕ̃)∗ = ιC
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Perspective functions: Properties

Let ϕ ∈ Γ0(G). Then:

ϕ̃ ∈ Γ0(G × R)

Let C =
{
(u, µ) ∈ G × R | µ+ ϕ∗(u) 6 0

}
. Then

ϕ̃ = σC and (ϕ̃)∗ = ιC

Let y ∈ G and η ∈ R. Then ∂ϕ̃(y , η) =






{(
ϕ(y/η)− 〈y | u〉/η,u

)
| u ∈ ∂ϕ(y/η)

}
, if η > 0;{

(u, µ) ∈ C | σdomϕ∗(y) = 〈u | y〉
}
, if η = 0 and y 6= 0;

C, if η = 0 and y = 0;

Ø, if η < 0
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Perspective functions: Properties (ϕ ∈ Γ0(G))

Let ψ ∈ Γ0(G) be such that domϕ∩domψ 6= Ø, and let λ > 0. Then

[λϕ+ ψ]∼ = λϕ̃+ ψ̃ ∈ Γ0(G × R).
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Suppose that ϕ is positively homogeneous with domϕ = G, let φ ∈
Γ0(R) be increasing on ranϕ and such that 0 ∈ domφ, let η ∈ R,

and let y ∈ G. Then Γ0(G × R) ∋ [φ ◦ ϕ]∼ : (y , η) 7→ φ̃(ϕ(y), η).

Let ψ ∈ Γ0(G) and let C be a closed convex subset of G such that
C ∩ domψ 6= Ø. Set

g : (y , η) 7→






ηψ(y/η), if η > 0 and y ∈ η(C ∩ domψ);

(recψ)(y), if η = 0 and y ∈ rec C;

+∞, otherwise.

Then g = [ιC + ψ]∼ ∈ Γ0(G × R).
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Perspective functions: Examples

Let ψ ∈ Γ0(G) and let envψ : y 7→ infx∈G(ψ(x) + ‖y − x‖2/2) be the
Moreau envelope of ψ. Set

g : (y , η) 7→





‖y‖2

2η
− η(envψ)(y/η), if η > 0;

σdomψ(y), if η = 0;

+∞, if η < 0.

Then g = [env (ψ∗)]∼ ∈ Γ0(G × R).
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Perspective functions: Examples

Take ψ = ιB(0;1) in previous example and set

g : (y , η) 7→





ρ‖y‖ −
η

2
, if ‖y‖ > η and η > 0;

‖y‖2

2η
, if ‖y‖ 6 η and η > 0;

‖y‖, if η = 0;

+∞, if η < 0.

Then g = [ϕ]∼, where ϕ = env ‖ · ‖ = ‖ · ‖2/2 − d2
B(0;1)/2 is the gen-

eralized Huber function.

In computer vision, g is called the bivariate Huber function. It also
shows up in Owen’s concomitant M-estimator formulation.
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Perspective functions: Examples

Let C and D be nonempty closed convex subsets of G, and let
ρ ∈ ]0,+∞[.

Set

g : (y , η) 7→





ηd2
C(y/η)

2ρ
+ σD(y), if η > 0 and y /∈ ηC;

σD(y), if η > 0 and y ∈ ηC;

σD(y), if η = 0 and y ∈ rec C;

+∞, otherwise

Then g = ϕ̃ ∈ Γ0(G × R), where ϕ = d2
C/(2ρ) + σD

A special case of g appears in computer vision

If G = R, C = [−ρ, ρ], and D = [−1, 1], ϕ is the Berhu (reverse Hu-
ber) function used in mechanics and in Owen’s concomitant M-
estimator formulation
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Perspective functions: Examples

Let ψ : G → [0,+∞] be a proper lower semicontinuous positively
homogeneous convex function, let δ ∈ R, let ρ > 0, let p ∈ [1,+∞[,
and set

g : (y , η) 7→

{
δη +

∣∣ρηp + ψp(y)
∣∣1/p

, if η > 0;

+∞, if η < 0.

Then g = [δ + |ρ+ ψp|1/p]∼ ∈ Γ0(G × R).

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 17/36



Introduction Perps Examples Prox ML

Perspective functions: Examples

Let ψ : G → [0,+∞] be a proper lower semicontinuous positively
homogeneous convex function, let δ ∈ R, let ρ > 0, let p ∈ [1,+∞[,
and set

g : (y , η) 7→

{
δη +

∣∣ρηp + ψp(y)
∣∣1/p

, if η > 0;

+∞, if η < 0.

Then g = [δ + |ρ+ ψp|1/p]∼ ∈ Γ0(G × R).

Let φ ∈ Γ0(R) be even, let v ∈ G, let δ ∈ R, and set

g : (y , η) 7→





ηφ(‖y‖/η) + 〈y | v〉+ δη, if η > 0;

(recφ)(‖y‖) + 〈y | v〉, if η = 0;

+∞, if η < 0.

Then g = [φ ◦ ‖ · ‖+ 〈· | v〉+ δ]∼ ∈ Γ0(G × R).
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Perspective functions: Examples

Let ρ ∈ ]0,+∞[, let p ∈ [1,+∞[, and set g : (y , η) 7→





ρ‖y‖p

ηp−1
+ pη ln η − η ln

(
ηp + ρ‖y‖p

)
, if η > 0;

ρ‖y‖, if η = 0 and p = 1;

0, if η = 0, y = 0, and p > 1;

+∞, otherwise.

Then g = [φ ◦ ‖ · ‖]∼, where

φ : R → ]−∞,+∞] : t 7→ ρ|t |p − ln
(
1 + ρ|t |p

)

For G = R and ρ = p = 1, g is called the “fair” function in robust
statistics; it also arises in least-squares regularization
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Perspective functions: Examples

The divergences between x > 0 and y > 0 discussed earlier are of
the form ∫

RN

ϕ̃
(
y(t), x(t)

)
dt ,

where

pth order Hellinger: ϕ(ξ) =

{∣∣t1/p − 1
∣∣p, if t > 0;

+∞, otherwise

Kullback-Leibler: ϕ(ξ) =

{
ξ ln ξ, if ξ > 0;

+∞, otherwise

Rényi: ϕ(ξ) =

{
ξα, if ξ > 0;

+∞, otherwise

Pearson: ϕ(ξ) = |ξ − 1|2

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 19/36



Introduction Perps Examples Prox ML

Composite perspective functions

Let L : H → G be linear and bounded, let ϕ ∈ Γ0(G), let r ∈ G, let
u ∈ H, let ρ ∈ R, and set

f : x 7→





(
〈x | u〉 − ρ

)
ϕ

(
Lx − r

〈x | u〉 − ρ

)
, if 〈x | u〉 > ρ;

(recϕ)
(
Lx − r

)
, if 〈x | u〉 = ρ;

+∞, if 〈x | u〉 < ρ.

Suppose that there exists z ∈ H such that

Lz ∈ r + (〈z | u〉 − ρ)domϕ and 〈z | u〉 > ρ,

and set A : H → G × R : x 7→ (Lx − r , 〈x | u〉 − ρ). Then

f = ϕ̃ ◦ A ∈ Γ0(H).
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Composite perspective functions: Examples

Example

Let (Ω,F,P) be a probability space, let H = L2(Ω,F,P), let ϕ ∈ Γ0(H),
and set

f : H → ]−∞,+∞] : X 7→






EX ϕ

(
X

EX

)
, if EX > 0;

(recϕ)(X ), if EX = 0;

+∞, if EX < 0.

Then f ∈ Γ0(H).
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Composite perspective functions: Examples

Example

Let Ω be a nonempty open subset of RN and let H be the Sobolev
space H1(Ω), i.e., H =

{
x ∈ L2(Ω) | ∇x ∈ (L2(Ω))N

}
. For every x ∈ H, set

Ω−(x) =
{

t ∈ Ω | x(t) < 0
}

, Ω0(x) =
{

t ∈ Ω | x(t) = 0
}

, and

Ω+(x) =
{

t ∈ Ω | x(t) > 0
}

. Let ϕ ∈ Γ0(R
N) be such that ϕ > ϕ(0) = 0,

and define

f : H → ]−∞,+∞]

x 7→






∫

Ω0(x)

(
recϕ

)(
∇x(t)

)
dt +

∫

Ω+(x)

x(t)ϕ

(
∇x(t)

x(t)

)
dt ,

if x > 0 a.e.;

+∞, else.

Then f ∈ Γ0(H).
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Composite perspective functions: Examples

The Fisher information

f : H1(Ω) → ]−∞,+∞]

x 7→





∫

Ω+(x)

‖∇x(t)‖2
2

x(t)
dt , if

{
x > 0 a.e.

[ x = 0 ⇒ ∇x = 0 ] a.e.;

+∞, otherwise

is in Γ0(H
1(Ω)).

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 23/36



Introduction Perps Examples Prox ML

Composite perspective functions: Examples

The Fisher information

f : H1(Ω) → ]−∞,+∞]

x 7→





∫

Ω+(x)

‖∇x(t)‖2
2

x(t)
dt , if

{
x > 0 a.e.

[ x = 0 ⇒ ∇x = 0 ] a.e.;

+∞, otherwise

is in Γ0(H
1(Ω)).

For (x ,y) ∈ R
2N , set I0(x) =

{
i ∈ I | ξi = 0

}
, I+(x) =

{
i ∈ I | ξi > 0

}
,

J(x , y) =
{

i ∈ I |ξi > 0 and ηi < 0
}

, and Dφ(x ,y) =






∑

i∈I0(x)∩I+(y)

ηi +
∑

i∈I+(x)rI−(y)

∣∣η1/p
i − ξ

1/p
i

∣∣p, if I−(x) ∪ J(x ,y) = Ø;

+∞, otherwise.

Then Dφ ∈ Γ0(R
2N). We recover the Kolmogorov variational diver-

gence for p = 1 and the Hellinger divergence for p = 2.
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Perspective functions: Proximity operator

The proximity operator of g ∈ Γ0(G) is

proxg : G → G : x 7→ argmin
y∈G

(
g(y) +

1

2
‖x − y‖2

)

An essential tool in the design of splitting algorithms to solve con-

vex minimization problems, especially in data science

PLC and V. R. Wajs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005

PLC and J.-C. Pesquet, Proximal splitting methods in signal process-

ing, in Fixed-Point Algorithms for Inverse Problems in Science and En-

gineering, Springer, New York, 2011
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Perspective functions: Proximity operator

The proximity operator of g ∈ Γ0(G) is

proxg : G → G : x 7→ argmin
y∈G

(
g(y) +

1

2
‖x − y‖2

)

An essential tool in the design of splitting algorithms to solve con-

vex minimization problems, especially in data science

PLC and V. R. Wajs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005

PLC and J.-C. Pesquet, Proximal splitting methods in signal process-

ing, in Fixed-Point Algorithms for Inverse Problems in Science and En-

gineering, Springer, New York, 2011

Basic properties:

proxg + proxg∗ = Id (Moreau’s decomposition)
(proxgx , x − proxgx) = (proxgx ,proxg∗x) ∈ gra ∂g
Fix proxg = Argming

‖proxgx − proxgy‖ 6 ‖x − y‖
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The proximity operator of g ∈ Γ0(G) is

proxg : G → G : x 7→ argmin
y∈G

(
g(y) +

1

2
‖x − y‖2

)

An essential tool in the design of splitting algorithms to solve con-

vex minimization problems, especially in data science

PLC and V. R. Wajs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005

PLC and J.-C. Pesquet, Proximal splitting methods in signal process-

ing, in Fixed-Point Algorithms for Inverse Problems in Science and En-

gineering, Springer, New York, 2011

Basic properties:

proxg + proxg∗ = Id (Moreau’s decomposition)
(proxgx , x − proxgx) = (proxgx ,proxg∗x) ∈ gra ∂g
Fix proxg = Argming

‖proxgx − proxgy‖2
6 ‖x − y‖2 − ‖proxg∗x − proxg∗y‖2
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Perspective functions: Proximity operator

Let ϕ ∈ Γ0(G), let γ > 0, let y ∈ G, and let η ∈ R.

Suppose that η + γϕ∗(y/γ) 6 0. Then proxγϕ̃(y , η) = (0, 0).

Suppose that domϕ∗ is open and that η + γϕ∗(y/γ) > 0. Then

proxγϕ̃(y , η) =
(
y − γp, η + γϕ∗(p)

)
,

where p is the unique solution to the inclusion

y ∈ γp +
(
η + γϕ∗(p)

)
∂ϕ∗(p).

If ϕ∗ is differentiable at p, then p is characterized by

y = γp + (η + γϕ∗(p))∇ϕ∗(p).

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 25/36



Introduction Perps Examples Prox ML

Perspective functions: Proximity operator

Example

Let v ∈ G, let δ ∈ R, and let φ ∈ Γ0(R) be an even function such that φ∗ is
differentiable on R. Define

g : (y , η) 7→





ηφ(‖y‖/η) + δη + 〈y | v〉, if η > 0;

0, if y = 0 and η = 0;

+∞, otherwise.

Let γ ∈ ]0,+∞[, let η ∈ R, let y ∈ G, and set

ψ : s 7→

(
φ∗(s) +

η

γ
− δ

)
φ∗

′

(s) + s.

Then ψ is invertible. Moreover, if η + γφ∗(‖y/γ − v‖) > γδ, set

t = ψ−1
(
‖y/γ − v‖

)
and p = v +

t

‖y − γv‖
(y − γv).

Then

proxγg(y , η) =

{(
y − γp, η + γ(φ∗(t)− δ)

)
, if η + γφ∗(‖y/γ − v‖) > γδ;

(0, 0), if η + γφ∗(‖y/γ − v‖) 6 γδ.

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 26/36



Introduction Perps Examples Prox ML

Perspective functions: Proximity operator

We can also handle cases when domϕ∗ is not open.

Proposition

Let φ ∈ Γ0(R) be even, set ϕ = φ ◦ ‖ · ‖, let γ ∈ ]0,+∞[, let η ∈ R, and let
y ∈ G. Set R =

{
(ν, χ) ∈ R

2 | χ+ φ∗(ν) 6 0
}

.

Suppose that η + γφ∗(‖x‖/γ) 6 0. Then proxγϕ̃(y , η) = (0, 0).

Suppose that η > γφ(0) and y = 0. Then

proxγϕ̃(y , η) = (y , η − γφ(0)).

Suppose that η + γφ∗(‖y‖/γ) > 0 and y 6= 0, and set
(ν, χ) = projR(‖y‖/γ, η/γ). Then

proxγϕ̃(y , η) =

((
1 −

γν

‖y‖

)
y , η − γχ

)
.
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Perspective functions: Proximity operator

x ∈ H

ϕ(x)

ρ
| |

−α

−ρ
u ∈ H

ϕ
∗(u)

κ
| |

−α

−κ
−

µ ∈ R

u ∈ H

α
|

−

−

κ

−κ

C

Figure: Geometry of the computation of prox
ϕ̃
= Id − projC.

C =
{
(u, µ) ∈ G × R | µ+ ϕ∗(u) 6 0

}
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Example: Generalized Huber function

Let α, γ, and ρ be in ]0,+∞[, let q ∈ ]1,+∞[ and q∗ = q/(q − 1).

Define

ϕ : G → R : y 7→





α−
ρq∗

q∗
+ ρ‖y‖, if ‖y‖ > ρq∗/q;

α+
‖y‖q

q
, if ‖y‖ 6 ρq∗/q.

Let y ∈ G and η ∈ R. Then

ϕ̃(y , η) =






(
α−

ρq∗

q∗

)
η + ρ‖y‖, if η > 0 and ‖y‖ > ηρq∗/q;

αη +
‖y‖q

qηq−1
, if η > 0 and ‖y‖ 6 ηρq∗/q;

ρ‖y‖, if η = 0;

+∞, if η < 0.

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 29/36



Introduction Perps Examples Prox ML

Example: Generalized Huber function
In addition, the following hold:

Suppose that ‖y‖ 6 γρ and ‖y‖q∗

6 γq∗

q∗(α − η/γ). Then
proxγϕ̃(y , η) = (0, 0).

Suppose that η 6 γ(α− ρq∗

/q∗) and ‖y‖ > γρ. Then

proxγϕ̃(y , η) =

((
1 −

γρ

‖y‖

)
y , 0

)
.

Suppose that η > γ(α − ρq∗

/q∗) and ‖y‖ > γρq∗
−1(η/γ + ρ2−q∗

+
ρq∗

/q∗ − α). Then

proxγϕ̃(y , η) =

((
1 −

γρ

‖y‖

)
y , η + γ

(
ρq∗

q∗
− α

))
.

Suppose that ‖y‖q∗

> q∗γq∗

(α−η/γ) and ‖y‖ < γρq∗
−1(η/γ+ρ2−q∗

+
ρq∗

/q∗ − α). If y 6= 0, let t be the unique solution in ]0,+∞[ to the
equation

γt2q∗−1 + q∗(η − γα)tq∗−1 + γq∗t − q∗‖y‖ = 0.

Set p = ty/‖y‖ if y 6= 0, and p = 0 if y = 0. Then

proxγϕ̃(y , η) =

{(
y − γp, η + γ(tq∗

/q∗ − α)
)
, if q∗γq∗

−1η + ‖y‖q∗

> q∗γq∗

α;(
0, 0
)
, if q∗γq∗

−1η + ‖y‖q∗

6 q∗γq∗

α.
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Maximum-likelihood-type estimation

Data model: The vector y = (ηi)16i6n ∈ R
n of observations is

y = Xb + o + Ce,

where X ∈ R
n×p is a known design matrix with rows (xi)16i6n, b ∈ R

p

is the unknown regression vector (location), o ∈ R
n is the unknown

mean shift vector containing outliers, e ∈ R
n is a vector of realiza-

tions of i.i.d. zero mean random variables, and C ∈ [0,+∞[n×n is
a diagonal matrix the diagonal of which are the (unknown) stan-
dard deviations.

Owen’s penalized concomitant M-estimators (2007):

minimize
b∈R

p,σ>0,τ>0
nσ+σ

n∑

i=1

Huber

(
ζi − 〈b | xi〉

σ

)
+pτ + τ

p∑

j=1

Berhu

(
βj

τ

)
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Maximum-likelihood-type estimation

Let ς ∈ Γ0(R
N), let ̟ ∈ Γ0(R

P), let θ ∈ Γ0(R
p), let (ni)16i6N be strictly

positive integers such that
∑N

i=1 ni = n, and let (pi)16i6P be strictly
positive integers. For every i ∈ {1, . . . ,N}, let ϕi ∈ Γ0(R

ni ), let Xi ∈
R

ni×p, and let yi ∈ R
ni be such that

X =




X1

...
XN


 and y =




y1

...
yN


 .

For every i ∈ {1, . . . ,P}, let ψi ∈ Γ0(R
pi ), and let Li ∈ R

pi×p.

The objective of perspective M-estimation is to

minimize
s∈R

N , t∈R
P, b∈R

p
ς(s)+̟(t)+ θ(b)+

N∑

i=1

ϕ̃i

(
Xib − yi , σi

)
+

P∑

i=1

ψ̃i

(
Lib, τi

)
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Maximum-likelihood-type estimation

We recover a wide array of statistical problem formulations, including:

Huber M-estimation (Huber, 1981)

Fused lasso model (Tibshirani, 2005)

Scaled lasso model (Antoniadis, 2010)

Owen’s concomitant estimation (Owen, 2007)

Group Lasso (Bach et al, 2011)

Adaptive BerHu robust regression (Lambert-Lacroix et al, 2016)

Trend filtering (Tibshirani, 2014)

Scaled square-root elastic net estimation (Raninen and E. Ollila,
2017)

etc.
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Maximum-likelihood-type estimation: Algorithm
for k = 0, 1, . . .

qs,k = xs,k − hs,k
qt,k = xt,k − ht,k
qb,k = Axb,k − hb,k
for i = 1, . . . ,N⌊

qi,k = Xi xb,k − hi,k

for i = 1, . . . , P⌊
qN+i,k = Li xb,k − hN+i,k

sk = xs,k − qs,k/2
tk = xt,k − qt,k/2

bk = xb,k − Qqb,k
zs,k = proxγς (2sk − xs,k )
zt,k = proxγ̟(2tk − xt,k )

zb,k = proxγθ(2bk − xb,k )
xs,k+1 = xs,k + µk (zs,k − sk )
xt,k+1 = xt,k + µk (zt,k − tk )

xb,k+1 = xb,k + µk (zb,k − bk )
for i = 1, . . . ,N⌊

ci,k = Xi bk
(δi,k ,di,k ) = (0, yi ) + proxγϕ̃i

(2σi,k − ηi,k , 2ci,k − hi,k − yi )

for i = 1, . . . , P⌊
cN+i,k = Li bk
(δN+i,k , dN+i,k ) = prox

γψ̃i
(2τi,k − ηN+i,k , 2cN+i,k − hN+i,k )

hs,k+1 = hs,k + µk (ds,k − sk )
ht,k+1 = ht,k + µk (dt,k − tk )
hb,k+1 = hb,k + µk (db,k − cb,k )
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Maximum-likelihood-type estimation: Algorithm

See paper for details of these experiments.
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