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Optimization in data analysis

m Fitting geodesic data by the method of least deviations:

B R. J. Boscovich, De literaria expeditione per pontificiam ditionem et
synopsis... Bononiensi Scientiarum et Arfum Inst. atque Acad. Com-
ment., 1757.

m Fitting astronomical data by the method of least squares:

B A M. Legendre, Nouvelles Méthodes pour la Détermination de
I"Orbite des Cométes. Courcier, Paris, 1805.

m The gradient method was invented to deal with for astronomical
data processing:

B A Cauchy, Méthode générale pour la résolution des systémes
d’équations simmultanées, C. R. Acad. Sci. Paris, 1847.
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Some formulations arising in data analysis

m Standard finite-dimensional linear model: Observation z = Xb +
oe = (()i<i<n € R". unknown b = (8))1¢j<p € RP
W Belloni et al.’s square-rooft lasso (2011):

minimize ||Xb — z||2 + «||b]);
beRP

B Sun and Zhang'’s scaled lasso (2012):

2
minimize i M
beRP, o>0 £N

W Lederer&Muller TREX estimator (2015):

minimize M
ber? [ XT(Xb - 2)l

+ 3 +allbll

+ allbl;

m Owen’s penalized concomitant M-estimators (2007):

minimize no-+o Z Huber(w) +poT+T Z Berhu (B’)

i=1 Jj=1
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Some formulations arising in data analysis

m Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

VX
/RN xn o

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 4/36



Infroduction 2/36

Some formulations arising in data analysis

m Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

VX
/RN xn o

m A strengthened form of the central limit theorem (Lions and
Toscani, 1995) involving functionals of x > 0 of the form

/|x(f)|“*p)|x<k>(f)|pdf, with p>1
R
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Some formulations arising in data analysis

m Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

VX
/RN xn o

m A strengthened form of the central limit theorem (Lions and
Toscani, 1995) involving functionals of x > 0 of the form

/|x(f)|“*p)|x<k>(f)|pdf, with p>1
R

m Rey’s “fair” function (1983) in robust statistics:

lyl+ninnp—nln(n+1yl), if n>0;
fly,n) = 1vl, if n=0;
+o00, otherwise.
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Some formulations arising in data analysis

m Minimization roblems involving various notions of divergence be-
tweenx >0and y > O:

m pth order Hellinger: / |X(1)'/P — y(1)/P|°at
RN

Leibler: n ( X(1)

B Kullback-Leibler: /RNX(T)I <y(f))df
[ | Rényi:/ x(H*y(t)'~*at

X( = YO

m Pearson:
RN y(t)
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Some formulations arising in data analysis

m Minimization roblems involving various notions of divergence be-
tweenx >0and y > O:

m pth order Hellinger: / |X(1)'/P — y(1)/P|°at
RN

] Kullbock—Leibler:/ X(f)In <ﬂ)df
RN y(t)
] Rényi:/ x(H*y(t)'~*at
RN
2
x(t) = y(OF 4

RN y(t)
m The heteroscedastic M-estimation model (PLC & Mdller, 2020)

m Pearson:

minimize c(s)+w(T)+9(b)+zN: ini(%i_yi) + imﬁ;(%)

seRN, teRP, berP = = Ti
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Some formulations arising in data analysis

m Minimization roblems involving various notions of divergence be-
tweenx >0and y > O:

m pth order HeIIinger:/ |X(1)'/P — y(1)/P|°at
RN
] Kullbock—Leibler:/ X(f)In <ﬂ)df
RN y(1)
[ | Rényi:/ x(H)*y(H) > at
RN

2

m Pearson: x() — y(HI* at

RN y(t)
m The heteroscedastic M-estimation model (PLC & Mdller, 2020)

minimize c(s)+w(T)+9(b)+zN: Ui@i(%i_yi) + imﬁ;(%)

seRN, teRP, berP = = Ti

m What is the common structure underlying these formulations?
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Some formulations arising in data analysis

m Minimization roblems involving various notions of divergence be-
tweenx >0and y > O:

m pth order Hellinger: / |X(1)'/P — y(1)/P|°at
RN

X(1) In <(—?)df

m Kullback-Leibler: / X
y(1)

RN
B Rényi: / x(H*y(t)'~*at
RN
2
x(t) = y(OF 4
RN y(t)
m The heteroscedastic M-estimation model (PLC & Mdller, 2020)

W Pearson:
N Xib —y; a Lb

minimize  ¢(S)+w=()+0(b)+» o <’7_’) + o </_)
s€BN, 1CRP, beRP (s) (H)+0(b) ; iPi o ; i p

m What is the common structure underlying these formulations?
m Is there some underlying convexity?
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A few words on nonconvex minimization

1. Nonconvex optimization is
an unstructured corpus of re-
sults, not a constructive theory
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A few words on nonconvex minimization

1. Nonconvex optimization is 3. Loose connections with
an unstructured corpus of re- other branches of nonlinear
sults, not a constructive theory analysis

2. Moving permanently away 4, Algori’rhms maly yield trivial
from solutions in descent meth- solutions:

ods:

Letf: H — {0,...,p} bels.c.
(e.g., rank etc.), let C # @.
Then any point in Cis a locall
minimizer of:

minimize f(x)
xeC
J.-B. Hiriart-Urruty, When only
global optimization matters, J.
Global Optim., vol. 56, pp. 761-
763, 2013

TS -
descent directions solution
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A few facts from convex analysis

m #: areadl Hilbert space

B pc lo(H): ¢: H = ]—oo,+o0] is lower semicontinuous, convex,
anddome = {x € H | ¢(X) < +oo} # O
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Perps

A few facts from convex analysis

m #: areadl Hilbert space

B € [o(H): ¢: H — ]—o0,+o00] is lower semicontinuous, convex,
and domy = {x € H | ¢(X) < 400} # O

m If o(x) = 400 0S8 ||x]| = 400, then Argmin ¢ # @

B o X" = supyeqy (X | X*) — @(X) is the Legendre conjugate of ¢; if
p €To(H), then p* € Th(H) and ¢** = ¢
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A few facts from convex analysis

H: areal Hilbert space

@ € To(H): ¢: H — ]—o0,+00] is lower semicontinuous, convex,

and domy = {x € H | ¢(X) < 400} # O

If o(X) = 400 a8 ||x|| = +oo, then Argmin ¢ # @

B o X" = supyeqy (X | X*) — @(X) is the Legendre conjugate of ¢; if
p €To(H), then p* € Th(H) and ¢** = ¢

m The subdifferential of p at x € H is

dp(x) ={x" €M | (Yy €H) (y—Xx|x")+p(x) <e(y)}

Px,x* (v)
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A few facts from convex analysis

H: areal Hilbert space

@ € To(H): ¢: H — ]—o0,+00] is lower semicontinuous, convex,

and domy = {x € H | ¢(X) < 400} # O

If o(X) = 400 a8 ||x|| = +oo, then Argmin ¢ # @

B o X" = supyeqy (X | X*) — @(X) is the Legendre conjugate of ¢; if
p €To(H), then p* € Th(H) and ¢** = ¢

m The subdifferential of p at x € H is

dp(x) ={x" €M | (Yy €H) (y—Xx|x")+p(x) <e(y)}

Px,x* (v)

Fermat’s rule:

x minimizes ¢ < 0 € dp(x)
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Convex functions: Subdifferentiability

Left: Graph of a function ¢ defined on H = R.
Right: Graph of its subdifferential d¢.
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Perspective functions: Definition

m H, G real Hilbert spaces
B pclo(G)
B rec ¢ is the recession function of ¢:

(Vyeg) (reco)(y)= sup (@(x+Yy)—e(x))

xedom ¢

m Perspective function of :

ne(y/n), it n>0;
@: G xR = |00, +o0]: (y,n) = ¢ (recp)(y), if n=0;
~+o0, if n<0.
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Perspective functions: Example

Figure: Perspective of o = | - |2 4 1/2.
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Perps

Perspective functions: Example

Figure: Perspective of ¢ = hy + 1/2, where h; is the Huber
function.

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications



Perps

Perspective functions: Properties

Let ¢ € I'o(G). Then:
B o clg(GxR)
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mletC={(upu) G xR | p+¢*(u)<0}. Then

p=o0c and (&E)*ILC
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Perps

Perspective functions: Properties

Let ¢ € I'o(G). Then:
B §co(GxR)
mletC={(upu) G xR | p+¢*(u)<0}. Then

p=o0c and (&E)*ILC
m lety e Gandn e R. Then dp(y,n) =

{(ely/n) =y lu)/n,u) | uede(y/n)}, if n>0;
(

{(up) € C | ggome=(¥) = (U] Y)}, if =0 and y#0;
C, if n=0 and y=0;
9, if n<O
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Perps

Perspective functions: Properties (¢ € 4(G))

m Let ) € [o(G) be such that dompndomy # @, and let A > 0. Then
Ao +9]” = Ap + ¢ € To(G x R).
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Perspective functions: Properties (¢ € 4(G))

m Let ) € [o(G) be such that dompndomy # @, and let A > 0. Then
e +¢]” =X+ € To(G x R).

m LetA: H — G belinear, bounded, and such that ranAndom ¢ # @.
Set A: H xR — G x R: (X,£) = (Ax,€). Then[poA]” = GoA €
ro(H X ]R)
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Perspective functions: Properties (¢ € 4(G))

m Let ) € [o(G) be such that dompndomy # @, and let A > 0. Then
e +¢]” =X+ € To(G x R).

m LetA: H — G belinear, bounded, and such that ranAndom ¢ # @.
Set A: H xR = G x R: (x,€) — (AX,&). Then[¢oA]~_¢er
ro(H X ]R)

m Suppose that ¢ is positively homogeneous with domp = G, let ¢ €
lo(R) be increasing on ranp and such that 0 € dom ¢, let n € R,
andlety € G. ThenTo(G x R) 3 [po¢]™: (v,n) = ¢(e(¥),n).
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Perps

Perspective functions: Properties (¢ € 4(G))

m Let ) € [o(G) be such that dompndomy # @, and let A > 0. Then
e +¢]” =X+ € To(G x R).

m LetA: H — G belinear, bounded, and such that ranAndom ¢ # @.
Set A: H xR — G x R: (X,£) = (Ax,€). Then[poA]” = GoA €
ro(H X ]R)

m Suppose that ¢ is positively homogeneous with domp = G, let ¢ €
lo(R) be increasing on ranp and such that 0 € dom ¢, let n € R,
andlety € G. ThenTo(G x R) 3 [po¢]™: (v,n) = ¢(e(¥),n).

m Let ¢ € Io(G) and let C be a closed convex subset of G such that
Cndomqy # @. Set

np(y/n), if n>0 and y e n(Cndomy);
g: (v,n) = < (recd)(y), if n=0 and y erecC;
400, otherwise.

Then g = [.c + 4] € To(G x R).
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Examples

Perspective functions: Examples

m Let ¢ € To(G) and let envep: y — infreg(v(X) + ||y — x||?/2) be the
Moreau envelope of ¢. Set

WIE —enverym. it n>o
g: (v,m) Udomw()/), if §p=0;
+o0, if n<O.

Then g = [env (¢*)]™ € To(G x R).
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Examples

Perspective functions: Examples

m Take ¢ = u5(q,1) IN previous example and set

plyl =5, if Iyl >n and 5>0;

2
g: (v,n) — szg 7 if |lyll<n and n>0;
Iyl if np=0;
Then g= [QO]N, where = env” . H — ” X ”2/2 _ dg(o;])/z is the gen-

eralized Huber function.

m In computer vision, g is called the bivariate Huber function. It also
shows up in Owen’s concomitant M-estimator formulation.
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Examples

Perspective functions: Examples

m Let C and D be nonempty closed convex subsets of G, and let

p € ]0,+o0].
m Set
2
%{’:M) +oo(y), if n>0 and y¢nC;
g: (v,n) — ap(y), if n>0 and y e nC;
op(y), if n=0 and y erecC;
400, otherwise

m Then g = 3 € Iy(G x R), where ¢ = d2/(2p) + op
m A special case of g appears in computer vision

mifGg=R, C=][-ppl.and D = [-1,1], ¢ is the Berhu (reverse Hu-
ber) function used in mechanics and in Owen’s concomitant M-
estimator formulation
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Examples

Perspective functions: Examples

m Llet ¢: G — [0,+00] be a proper lower semicontinuous positively
homogeneous convex function, leté e R, letp > 0,let p € [1, +oo].
and set

S0+ |pnP +wP(y)|P, i p=0;

. (y’")H{ﬁo, if n<0.

Then g = [ + |p + ¥P|'/P]~ € To(G x R).
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Examples

Perspective functions: Examples

m Llet ¢: G — [0,+00] be a proper lower semicontinuous positively
homogeneous convex function, leté e R, letp > 0,let p € [1, +oo].
and set

1/p
b

, o+ |pnP + ¢P(y)| it n>0;
ok (y’")H{ﬁo, if n<0.

Then g =[5+ |p + ¥P|'/P]™ € To(G x R).
m Let ¢ € [H(R) be even,let v e G, let§ € R, and set
néllyll/n) + (y | v) +én, if n>0;

g: (y,m) = (reca)(llyl) + (v | v), it n=0;
+o00, if n<O.

Theng=[po|-|l+ ([ Vv)+d]” €To(G xR).
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Examples

Perspective functions: Examples

m Letpe ]0,400[ let p €[], +o0[, and set g: (v,n) —

pliyll®

T +pning—nin (0 +plylP), if n>0;

plvll; if n=0andp=1;

0, ifn=0,y=0 andp > 1;
400, otherwise.

m Theng=[¢o] -|]~. where
¢: R — ]—00,400]: t = p|t° —In (1 + p|t|°)

mForGg=Randp=p =1, giscalled the “fair” function in robust
stafistics; it also arises in least-squares regularization
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Perspective functions: Examples

m The divergences between x > 0 and y > 0 discussed earlier are of
the form

[ pvidxmat

where
{f‘/p = 1|’°, if +>0;
400, otherwise
Eng, if €>0;
+o0o, otherwise

P 80 if &> 0;
W Renyk: ¢(§) = {+oo, otherwise

B Pearson: ¢(¢) = |€ — 1|2

B pth order Hellinger: ¢(§) = {

m Kullback-Leibler: ¢(§) = {
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Examples

Composite perspective functions

m let L: H — G be linear and bounded, let ¢ € To(G), let r € G, let
ueH, letpeR, andset

(10 -0 ) I I >
F: X9 (rec ) (Lx — 1), if (x| U) = p:
o0, if (x|u)<p.

Suppose that there exists z € H such that
lzer+ ((z|u)—p)dome and (z|u) > p,
andset A: H - G xR: x— (Ix —r, (x| u) — p). Then
f=¢oAcTly(H).

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 20/36



Examples

Composite perspective functions: Examples

Let (22, F,P) be a probability space, let H = [2(Q, F,P), let ¢ € [o(H).
and set

Exw(g), it EX > 0;
f: H— ]-o0,+00]: X — (recp)(X), if EX=0:
e, if EX < 0.

Then f € I'o(#H).
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Examples

Composite perspective functions: Examples

Example

Let Q be a nonempty open subset of RN and Ie‘r H be the Sobolev

space H'(Q).ie.. H = {x € LQ(Q) | Vx € (L2(Q))"}. Forevery x € H, set

Q_(x)={teQ | x(t) <0}, Q(x {feQ|x =0}, and
Q. (x) ={teq | x(t) > 0}. Le’Hp € o(RY) be such that ¢ > ¢(0) =0,
and define

f:H — ]-o0,+o0]

vx(1)
/Q U(X)(I'ngo) (Vx(P) ot + /Q +(X)x(f)go< - )df,

X = if x>0 a.e;

+00, else.

Then f € I'o(#H).
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Examples

Composite perspective functions: Examples

m The Fisher information
f: H](Q) - ]—o0,400]

IVx(1)lI3 . |x>0ae
/ at, if
X = 2.0 X() [x=0 = Vx=0]a.e;

+00, otherwise

is in Fo(H'(Q)).
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Examples

Composite perspective functions: Examples

m The Fisher information
f: H](Q) - ]—o0,400]

IVx(1)lI3 . |x>0ae
/ VA g, it
X = 2.0 X() [x=0 = Vx=0]a.e;

+00, otherwise

is in Fo(H'(Q)).

m For (x,y) € R, set p(x) = {ie!|& =0}, Ii(x) = {iel|&>0},
J(x,y)={i€l|l&>0andn <0}, and Dg(x, y) =

1 1 f
Z 77!+ Z !ni/p_gi/p|pa If l*(X)UJ(Xa Y):Q’
i€h(x)NhL(y) el (x)~I1-(y)
400, otherwise.

Then Dy € To(R?N). We recover the Kolmogorov variational diver-
gence for p = 1 and the Hellinger divergence for p = 2.
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Prox

Perspective functions: Proximity operator

m The proximity operator of g € o(G) is
, 1
ProXg: G — G: X = argmin (Q(Y) +5lx - y|\2)
yeg 2

m An essential tool in the design of splitting algorithms to solve con-
vex minimization problems, especially in data science
B PLC and V. R. Waqjs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005
B PLC and J.-C. Pesquet, Proximal splitting methods in signal process-
ing. in Fixed-Point Algorithms for Inverse Problems in Science and En-
gineering, Springer, New York, 2011
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Perspective functions: Proximity operator

m The proximity operator of g € o(G) is
, 1
ProXg: G — G: X = argmin (Q(Y) +5lx - y|\2)
yeg 2

m An essential tool in the design of splitting algorithms to solve con-
vex minimization problems, especially in data science
B PLC and V. R. Waqjs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005
B PLC and J.-C. Pesquet, Proximal splitting methods in signal process-
ing. in Fixed-Point Algorithms for Inverse Problems in Science and En-
gineering, Springer, New York, 2011

m Basic properties:

B ProXg + Prox,. = Id (Moreau’s decomposition)
B (ProXgX, X — Proxgx) = (ProxgX, proxg.x) € graodg
B Fix prox, = Argming

B |[prox,x — proxgy|| < |x -y
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Prox

Perspective functions: Proximity operator

m The proximity operator of g € o(G) is
, 1
ProXg: G — G: X = argmin (Q(Y) +5lx - y|\2)
yeg 2

m An essential tool in the design of splitting algorithms to solve con-
vex minimization problems, especially in data science
B PLC and V. R. Waqjs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005
B PLC and J.-C. Pesquet, Proximal splitting methods in signal process-
ing. in Fixed-Point Algorithms for Inverse Problems in Science and En-
gineering, Springer, New York, 2011

m Basic properties:

B ProXg + Prox,. = Id (Moreau’s decomposition)

B (ProXgX, X — Proxgx) = (ProxgX, proxg.x) € graodg

B Fix prox, = Argming

B [[prox x — proxX,y|I* < [x — y|I* — [|ProxXg.x — prox. y||?
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Prox

Perspective functions: Proximity operator

Letp € Tp(G).lety>0,lety € G, andletn e R.
m Suppose that n + " (y/v) < 0. Then prox. s(y,n) = (0,0).
m Suppose that dom ¢* is open and that n + vp*(y/~) > 0. Then

prox. s(v,n) = (v —vp:n+ 7" (p)),
where p is the unique solution o the inclusion
y € o+ (n+v¢"(P)) 9% ().
If p* is differentiable at p, then p is characterized by

y =P+ (n+1¢"(P))Ve" (P).
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Prox

Perspective functions: Proximity operator

Letveg.let§ € R, and let ¢ € Ih(R) be an even function such that ¢* is
differentiable on R. Define

ne(llyll/n) +on+(y|v), if n>0;
g: (v;m) =40, if y=0 and 5 =0;
+o00, otherwise.

Lety € 10,400, letn e R, let y € G, and set

P S (qs*(s) + g - 6)¢*/(s) +.
Then ¢ is invertible. Moreover, if n + v¢*(|ly/y — VI|) > 4. set

(y —v).

"
t=y7! -v|) and p=v4 ——
= (ly/y = vI) P Ty — Vi

Then

(v =vo,n+~(67(1) = 9)), i n+v¢"(ly/y = Vi) >

pProx, g(y;n) = {(0’ 0), it n4+~v0"(ly/v — V) < 6.
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Prox

Perspective functions: Proximity operator

We can also handle cases when dom ¢* is not open.

Let ¢ € To(R) be even, set o = ¢o| - ||. lety € |0, +oo[. lefn € R, and let
yeg. SetR={(v,x) € R? | x +¢*(v) < 0}.

m Suppose thatn +v¢*(|Ix]|/v) < 0. Then prox. s(y,n) = (0, 0).
m Suppose thatn > v¢(0) and y = 0. Then

ProxX, (v, n) = (v,n — v¢(0)).

m Suppose thatn+ v¢*(|lyll/v) > 0 and y # 0, and set
(v,x) = pProjx(llyll /v, n/v). Then

Prox,z(y,n) = <<1 = ﬁ) ym—vx)
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Prox

Perspective functions: Proximity operator

X)

/
+ XEH
P

Figure: Geometry of the computation of prox; = Id — proje.

SWANSS e

C={(Uu)€GxR | pu+¢"(u) <0}
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Prox

Example: Generalized Huber function

m Lleta, v, andpbein |0, +oo[. let g€ ]1,+o0[and g* = q/(g — 1).

m Define
Pq* i a*/q.
o=t allyll I vl > 7
p:G—o>R:y—
o+ A2 f llyll < o7/
q I \p N

m lety e Gandn e R. Then

*

q *
<°‘_ pq* )77+PHYII, if n>0 and |y|l > np9/9;
% _ Iyl o0 and Il < mad /e
Blysm) =y an+ o if >0 and |y|| <np9 /9,
iyl if n=0;
pcoh if n<O.
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Prox

Example: Generalized Huber function

In addition, the following hold:

m Suppose that |ly|| < vp and |ly|¥ < 79 g*(a — n/7). Then
prox. (v, 1) = (0,0).
m Suppose that n < v(a — p9° /g*) and ||y|| > vp. Then

Prox, 5(y,n) = ((] B ﬁ) y,0>-

m Suppose that n > v(a — p¥ /g") and |ly|| = v (/v + 7 +
p? /" —a). Then

o
rox.s(y,n) = 1—£) N+ (p—— ) .
PIoX, (Y, 1) (( i)t g e

m Suppose that [|y[|?" > g*y* (a—n/y) and |ly]| < 7%~ (n/v+5""7 +
p9/q* —a). Ify #0, let t be the unique solution in ]0, +oc[ to the
equation

PP 4 g (=)t T 4Gt = g7y = 0.
Setp=ty/|yllify #0,and p=0if y = 0. Then

(Y =P+ (17 /q" = a)), i g7 I+ VT > g e

rox. (Y, = . * * *
9] »W(y, 'W) {(00) if q*,‘/q —1,(]+ ”qu < q*,yq .
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ML

Maximum-likelihood-type estimation

m Data model: The vector y = (;)1<i<n € R” Of observations is
y =Xb+0+Ce,

where X € R™* is a known design matrix with rows (x)1<i<n. beRP
is the unknown regression vector (location), © € R" is the unknown
mean shift vector containing outliers, e € R" is a vector of realiza-
fions of i.i.d. zero mean random variables, and C € [0, +o00[™" is
a diagonal matrix the diagonal of which are the (unknown) stan-
dard deviations.

m Owen’s penalized concomitant M-estimators (2007):

n o . P )
minimize ng+gZHuber<w) +pT+TZBerhu(ﬂ’)
i=1

beRP,o>0,7>0 g = T
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ML

Maximum-likelihood-type estimation

m Lets € Mo(RY), let w € To(RP), let 6 € To(RP), let (n;)1<i<n be strictly
positive integers such that Z, 1 i = n, and let (py)i<i<p e strictly
positive integers. Forevery i € {1,...,N}, let i € TH(R™), let X; €

R"*P, and let y; € R" be such ‘rho‘r
Xi %]
X=1: and y=|:
Xn YN
Foreveryie {1,...,P}.let ¢ € [x(R"), and let L; € RP*P,
m The objective of perspective M-estimation is to

N P
minimize  ¢(s) + @ () +0(b)+>_ &i(Xib — yi,01) + > wi(Lib, )

seRN, teRP, beRP v =1
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ML

Maximum-likelihood-type estimation

We recover a wide array of statistical problem formulations, including:
Huber M-estimation (Huber, 1981)

Fused lasso model (Tibshirani, 2005)

Scaled lasso model (Antoniadis, 2010)

Owen’s concomitant estimation (Owen, 2007)

Group Lasso (Bach et al, 2011)

Adaptive BerHu robust regression (Lambert-Lacroix et al, 2016)
Trend filtering (Tibshirani, 2014)

Scaled square-root elastic net estimation (Raninen and E. Ollila,
2017)

m efc.

Patrick L. Combettes — 2021-02-15 Perspective Functions and Applications 33/36



ML

Maximum-likelihood-type estimation: Algorithm

fork=0,1,...

Qs,k = Xs,k — N,k
Gtk = Xtk — Dtk
b,k = AXp.k — hp K

fori=1,...,N
[ ik = XiXp,k — hik
fori=1,...,P

[ ONtik = LiXok — ik

Sk = Xs,k — Qs,k/2
e =Xtk — Atk /2
by = Xp,k — QAp,k
Zs i = ProX. ¢ (28 — X5 k)
Zt |k = PIOXy o (2f — Xt k)
Zp o = PIOX g (2by — Xp k)
Xs k1 = Xs k + mk(Zs k — Sk)
Xt k1 = Xtk + k(2 e — Te)
Xp,k+1 = Xp,k + k(2o — bi)
fori=1,...,N
Cj k= Xibk
(B1,k5 i) = (0, ¥3) + Proxy g, (207, — mik> 2C1,k = hie — Vi)
fori=1,...,P
CNik = Libx
(ON-ti,k> AN k) = PIOX, 7 (27 ke = INi,kes 20N+, k = P )
hs k41 = hs i + pic(Gs i — )
ht i1 = bt + (9 i — i)
hp k41 = hp i + pi(dp k — Cp k)
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ML

Maximum-likelihood-type estimation: Algorithm

See paper for details of these experiments.

Heteroscedastic Lasso, q=2
MAE = 0.63

Heteroscedastic Huber, q=2
MAE = 0.25

Heteroscedastic Lasso, q=3/2
MAE = 0.50

Heteroscedastic Huber, q=3/2

\MAE =022
15
1

6 8 10 12 14 16 18 20
Regularization path o1
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